Supersymmetry, Path Integration, and 
the Atiyah-Singer Index Theorem 

Ali Mostafazadeh0 
The University of Texas at Austin 
Department of Physics 
Austin, Texas 78712 

May 1994 



I would like to thank my Ph. D. supervisor Prof. Bryce S. DeWitt for his 
invaluable guidance and support. I am also indebted to Profs. Cecile DeWitt- 
Morette, Luis J. Boya, and Gary Hamrick for many constructive comments and 
suggestions. This dissertation is dedicated to my parents: Afsar Mosannen-Amini 
and Ebrahim Mostafazadeh. 



Abstract 



A new supersymmetric proof of the Atiyah-Singer index theorem is pre- 
sented. The Peierls bracket quantization scheme is used to quantize the su- 
persymmetric classical system corresponding to the index problem for twisted 
Dirac operator. The problem of factor ordering is addressed and the unique 
quantum system that is relevant to the index theorem is analyzed in detail. 
The Hamiltonian operator for the supersymmetric system is shown to include 
a scalar curvature factor, h 2 R/8. The path integral formulation of quantum 
mechanics is then used to obtain a formula for the index. For the first time, 
the path integral "measure" and the Feynman propagator of the system are 
exactly computed. The derivation of the index formula relies solely on the 
definition of a Gaussian superdeterminant. The two- loop analysis of the 
path integral is also carried out. The results of the loop and the heat kernel 
expansions of the path integral are in complete agreement. This confirms 
the existence of the scalar curvature factor in the Schrodinger equation and 
validates the supersymmetric proof of the index theorem. Many other re- 
lated issues are addressed. Finally, reviews of the index theorem and the 
supersymmetric quantum mechanics are presented. 
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Chapter 1 
Introduction 



Abstract 

The Atiyah-Singer index theorem is introduced and its relation to 
supersymmetric quantum mechanics is discussed. 



In 1916, in his quest to unravel the mystery of Gravitation, Einstein 
proposed one of the most unsual and ingenious theories of his time. He named 
this new theory of gravity the General Theory of Relativity)^ Although, 
general relativity turned out not to be the ultimate theory of gravitation, 
it opened many new horizons in theoretical physics. Probably, the most 
important of these was the introduction of differential geometric methods in 
theoretical physics. 

In fact, before Einstein differential geometric concepts were used by Poincare 
in the study of the foundations of classical mechanics. Poincare, among 

1 In this regard, W. Pauli said: "The general theory of relativity then completed and 
- in contrast to the special theory - worked out by Einstein alone without simultaneous 
contributions by other researchers, will forever remain the classic example of a theory of 
perfect beauty in its mathematical structure." Also the remarks of M. Born is worthy of 
quoting: "(The general theory of relativity) seemed and still seems to me at present to be 
the greatest accomplishment of human thought about nature; it is a most remarkable 
combination of philosophical depth, physical intuition and mathematical ingenuity. I 
admire it as a work of art." [JlJ p. 77]. 



3 



his numerous discoveries, had introduced certain qualitative techniques to 
study the differential equations of classical mechanics. These were associated 
with the spaces of solutions of these equations and gave important informa- 
tion about the systems under investigation. The "qualitative techniques" of 
Poincare has since been grown into a vast area of modern mathematics called 
topology. 

An important problem in topology is to study the topological proper- 
ties of manifolds and fibre bundles. These structures are widely used in 
other branches of mathematics and the natural sciences. Particularly, the 
use of manifolds and fibre bundles in theoretical physics are clearly indis- 
pensable. The topological properties of manifolds and fibre bundles play 
substantial roles in the construction and the understanding of physical the- 
ories. Among the examples of the applications of topology in theoretical 
physics are monopoles 0, instantons anomalies M in field theory, and 
geometric phase pj and quantum Hall effect || in quantum mechanics and 
many others [0, ||. 

The topological or global properties of a manifold are the properties that 
are not sensitive to continuous deformations of the manifold. Thus they do 
not directly depend on the geometry of the manifold. The same is true for 
fibre bundles, namely the topology of a fibre bundle is independent of the 
details of a geometry (connection) on the bundle. It is precisely this point 
that makes it so difficult to obtain quantitative measures of the topological 
properties of these spaces. The quatities that give topological information 
about a manifold or a fibre bundle are called topological invariants. The 
Atiyah-Singer index theorem is one of the few mathematical results that 
provides closed formulas for a large class of topological invariants. 

A simple example of a topological invariant is the Euler-Poincare char- 
acteristic of a Riemann surface The Euler-Poincare characteristic is 
related to the genus of the Riemann surface. On the other hand, a result 
known as the Gauss-Bonnet theorem yields the Euler-Poincare character- 
istic as an integral of the Gaussian curvature over the whole surface. The 
Gauss-Bonnet theorem and its generalization to arbitrary closed Riemannian 
manifolds are the best known examples of index theorems.! 

A brief description of the index theory for arbitrary elliptic complexes 
over closed manifolds is peresented in Appendix [A[ There, the general state- 



See Appendix A. 9 for the details 
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ment of the Atiyah-Singer index theorem is given and it is argued that a 
result of K-theory reduces the proof of the general theorem to that of the 
twisted spin index theorem. This is a fundamental result which is used in 
the super symmetric proofs of the index theorem. 

A review of the supersymmetric quantum mechanics is presented in Ap- 
pendix [FJ. The idea of using supersymmetric quantum mechanics to give 
proofs of index theorems was originally suggested by Witten who had dis- 
covered the relation between the two subjects in his study of supersymmetry 
breaking, ||. Windey fjlj and Alvarez- Gaume fll], [[H HH provided the first 



supersymmetric proofs of the index theorem. Few years later, WKB methods 
were applied to give an alternative approach to the path integral evaluation 
of the index by Manes and Zumino |TJ]]. The same was achieved in a concise 
paper by Goodman [[HJ who used the mode expansion techniques. Among 
other remarkable works on the subject are the mathematical papers of Get- 



zler [IB| and Bismut and a superspace approach by Friedan and Windey 
[ PI . Other related articles are listed in Ul9| . u 

In the rest of this chapter, I shall briefly review the index theorem and 
give the statements of the spin and the twisted spin index theorems. Next, I 
shall describe the relevance of the supersymmetric quantum mechanics to the 
index theorem. In Chapter 0, I shall present a new supersymmetric proof of 
the index theorem. This proof relies only on a universal definition of a Gaus- 



sian super determinant. I shall follow the Peierls quantization scheme |ZT] to 



quantize a particular superclassical system. I will then demonstrate the iden- 
tity of the Witten index of the corresponding quantum system and the index 
of the twisted Dirac operator. Next I shall compute the "measure" of the path 
integral exactly. This involves a direct evaluation of sdet G + , where G + is the 
advanced Green's function for the Jacobi operator f2lf . I shall then derive 



the full index formula by explicitly evaluating the Feynman propagator of the 
theory. The advantage of this approach is that unlike the earlier supersym- 
metric proofs, it does not involve any complicated expansion-approximation 
techniques. Moreover, it allows to address many unresolved problems such as 
the problem of factor ordering and the existence of the factor (sdetG + )~2 in 
the path integral "measure." Another important issue is the existence of the 



3 The original proof of Atiyah and Singer was published in a series of classical papers 
in 1960's, |2C[| . They were rewarded the field medal in mathematics for their achievments 
in the index theory in 1966. 
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scalar curvature factor in the Schrodinger equation. This will be addressed 
in Chapter [3[ Here, I shall present the analysis of the path integral upto and 
including the two-loop order terms. The result demonstrates a perfect match 
between the loop expansion and the heat kernel expansion of the path inte- 
gral. It also serves as an important consistency check on the validity of the 
super symmetric proof of the index theorem presented in Chapter 0. Finally, 
the dissertation is supplemented with four appendices. Appendix ^ includes 
a mathematical review of the general index theorem. Appendix [B| is devoted 
to a review of Witten's supersymmetric quantum mechanics. Appendices |C| 
and [D] offer a detailed exposition of the derivation of some of the results used 
in Chapter 0. In particular, Appendix [D] offers a discussion of the end point 
contribution to the coherent state path integral. The technique introduced 
here allows for a unified expression for the path integral by automatically 
including the end point contributions in the action functional. 



The Plank's constant % will be set to 1 except in Sections |2.1| and pTT 
where it is retained for convenience. 



1.1 At iyah- Singer Index Theorem 

The Atiyah-Singer index theorem is one of the most substantial achievements 
of modern mathematics. It has been a developing subject since its original 
proof by Atiyah and Singer, pD| |. A clear exposition of the index theorem 
is given in the classic paper of Atiyah, Bott, and Patodi, [22]. For the 



historical origins of the index theory, see |23[ . Several mathematical proofs 
of the index theorem and its variations and generalizations are available in 
the literature, [TZ|, E5L |2B|, A common feature of all these proofs 

is the use of K-theory, p9| , |3~0| , [31]. In particular, the original cobordism 
proof PU| , the celebrated heat kernal proof 2B|, and the supersymmetric 
proofs, |13| , of the index theorem are based on a result of K-theory which 
reduces the proof of the "general" index theorem to the special case of twisted 
signature or alternatively twisted spin index theorems, |22], ^SJ . 
In "general", one has an elliptic differential operator, 

D:C°°(V + ) — >C°°(V_) (1.1) 

between the spaces of sections of two hermitian vector bundles i V + and V_ 



A hermitian vector bundle is a complex vector bundle which is endowed with a her- 



6 



over a closed § Riemannian manifold, M. Alternatively one can speak of the 
short elliptic complex: 

D 







C°°(V + ) ^C°°(V_) 



0. 



The index theorem provides a closed formula for the analytic index of D. 
The latter is defined by 

index(D) := dim[ker(D)] — dim[coker(D)] . (1-2) 

The symbols dim, ker, and coker are abbreviations of dimension, kernel, and 
cokernel, respectively. Indices of elliptic operators are of great interest in 
mathematics and physics because they are topological invariants.i 

The "general" index formula computes the index as an integral involving 
some characteristic classes associated with the vector bundles V±, the base 
manifold M, and the operator D. A more thorough review of the general 
index theorem and the related subjects is provided in Appendix |A]. Here, I 
shall concentrate on the special case of the twisted (or generalized) spin index 
theorem. 

Let M be a closed m = 2/-dimensional spin manifold, 0. Let S = S + © 
S~ denote the spin bundle of M. The sections of 5 ± are called the ± chirality 
spinors. Let p : C°°(S) -> C°°(S) be the Dirac operator f2J, |2B|, 0, 0, and 
$ :—p |c°°(s+)- The short complex 



c°°(s- 







1.3) 



— >C°°(S + ) 
is called the spin complex. 

Theorem 1 Let $ be as in (T7S), and define the so-called A-genus density: 



A(M) := J] 



i=l 



ill 



smh(^; 



;i.4) 



where are the 2-forms defined by block- diag onalizing I the curvature 2- 
form: 



Q := {^R^xdx 1 A dx x ) =: diag 



Q { 

-a o 



;i.5) 



mitian metric and a compatible connection, see Appendix A.l for details. 
5 compact, without boundary 

6 According to Palais, this was originally noticed by Gel'fand, p4| . 
7 The block diagonalization is always possible since f2 is antisymmetric. 
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Then, 



index(^) = / i(M) . (1.6) 



M 



top 



In (|1.6| ) , "top" means that the highest rank form in the power series expansion 
of ( |1.4j ) is integrated. 

Let V be a hermitian vector bundle with fiber dimension n, base manifold 
M, and connection 1-form A. Then, the operator: 

p v ■. c 00 ^) ® c°°{v) — ► c°°(5 T ) ® c°°(y) 

defined by 

^ v (# ® u) :=#(#) ®v+ ® D^^), (1.7) 

is an elliptic operator, called the twisted Dirac operator. In (|1.7| ), 

* G C 00 (5 ± ) ^ (-1)* = ±1 , f G C°°(V A ) , and £>a is the covariant derivative 

operator defined by A, PBJ. Also define 



$v '-=V>v |c°°(5+)®c°°(v) • (1-8) 
The twisted spin complex is the following short complex: 

o — ► c°°{s + ® v) c°°{s- ® y) — >o. (i.9) 



Theorem 2 Lei jzV 6e as in ( T7t ), and 

ch(V) := tr 
be the Chern character ofV. Then, 



iF 
eXP 27 



index (^v) 



M 



ch(V).A(M) 



top 



;i.io) 



i.ii) 



In ( |1.10|) , F is the curvature 2-form of the connection 1-form A (written in 
a basis of the structure Lie algebra of V): 



F :-. 



(\F^dx x Acfe 7 ) . 



;i.i2) 



Throughout this dissertation, the Greek indices refer to the coordinates of 
M, they run through 1, m = dim(M), and the indices from the beginning 
of the Latin alphabet refer to the fibre coordinates of V and, hence, run 
through 1, n. 
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1.2 Super symmetric Quantum Mechanics and 
the Index Theorem 



A review of the supersymmetric quantum mechanics is provided in Ap- 
pendix ||. The relevance of the index theory to supersymmetry has been 
discussed in almost every article written in this subject in the past ten years. 
The idea is to realize the parallelism between the constructions involved in 
the index theory, ( |1.1| ), and the supersymmetric quantum mechanics. In the 
latter, the Hilbert (Fock) space is the direct sum of the spaces of the bosonic 
and the fermionic state vectors. These correspond to the spaces of sections 



of V± in ( |1 . 1| ) . Moreover, the supersymmetric charge Q plays the role of the 
elliptic operator D, and the Hamiltonian H is the analog of the Laplacian A 
of D. One has: 

A:={D,D% 

and 

H = \{Q,Q}}. (1.13) 

Here, "f" denotes the adjoint of the corresponding operator. ( |1.13| ) is also 
known as the superalgebra condition. Moreover, one defines selfadjoint su- 
persymmetric charges B, Q a [0 , in terms of which ( |1.13| ) becomes: 

H = Ql , for all a = 1, • • • , 2N . (1.14) 

The next step is to recall 

coker(D) = ker(D if ) , 

ker(A) = ker(D) © ker(D ] ) 
and use (jl.2|) , and (|1.10|) to define: 

index w '■= n>b,a — nf t Q. 

Here'W refers to Witten and n^o and n^o denote the number of the 
zero-energy bosonic and fermionic eigenstates of H. Realizing that due to 



s a = 1, ...,2N, where N is the number of nonselfadjoint charges (type N-SUSY). See 
Appendix H for details. 
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super symmetry any excited energy eigenstate has a superpartner, one has 
the following set of equalities: 



indexw 



n b - n f 

tr[(-l) f } 

tr[(-l) f e- i/3H ] 

str[e- ipH }. 



;i.i5) 



In ( |1.15| ), rib and nj denote the number of the bosonic and fermionic energy 
eigenstates, and / is the fermion number operator. See Appendix [B] and 
[§, for more detailed discussions of ( |1.15| ). 

i(3H j n 



The appearance of e 



1.15| ) is quite interesting. It had, however, 



been noticed long before supersymmetry was introduced in physics. The heat 
kernel proof of the index theorem is essentially based on ( |1.15|) , |22j, |27], ^] i. 
The major advantage of the supersymmetric proofs is that one can compute 
indexw using its path integral representation. In particular, since indexw 
is independent of (3, the WKB approximation, i.e. the first term in the loop 
expansion, yields the index immediately. 



1.3 Remarks and Discussion 

In principle, one must be able to construct a supersymmetric quantum sys- 
tem associated with any given elliptic operator D such that the corresponding 
Witten index equals index(D). However, in practice this is proven to be ex- 
tremely difficult. The main reason for this difficulty is that in general D may 
be of arbitrary order. This means that the quantum mechanical Hamilto- 
nian, if it can be constructed, would involve fourth and higher order terms 
in momenta. This in turn makes the benefits of the ordinary path integra- 
tion techniques^ unaccessible. Nonetheless, one can still attack the general 
index problem by specializing to the twisted spin index theorem. According 



9 In the heat kernel proof, one computes the index using the formula: 

index = tr[e _/3A +] - ir[e _/3A -] , 



where A + := D^D and A_ := D . See Appendix A. 12 for further details. 

10 By this I mean the path integral techniques developed for the quadratic systems in 
bosonic momenta. 



10 



to Appendix [A.ll| , this leads to a proof of the general index theorem via 
K-theory. In this respect, the supersymmetric proofs indirect as the 

mathematical proofs of the index theorem. The distinguishing feature of the 
supersymmetric proofs is that they are considerably shorter and, at the same 
time, conceptually simpler than the other proofs. 

The purpose of this dissertation is to provide a rigorous supersymmetric 
proof of the index theorem and more importantly address the fundamental 
issues regarding the physical techniques that are developed and used in this 
proof. 

The approach adopted here is a generalization of the supersymmetric 
proof of the Gauss-Bonnet theorem due to DeWitt, pi] . In this work, the 



Peierls bracket quantization is explained and applied to many interesting 
examples, in particular, to the supersymmetric system described by the La- 
grangian: 

L = \g^x v + + \R^rVMWp ( L16 ) 

a, (3 — 1, 2 /I, i/, a, r — 1, • • • , m . 

The configuration space of (|1.16|) is an (m, 2m) dimensional supermanifold 
21] with x and ip denoting its bosonic (commuting) and fermionic (anticom- 
muting) coordinates, respectively. The quantization of this system leads to 
a rigorous supersymmetric proof of the Gauss-Bonnet theorem, [21], §6]. 
The main difference of the analysis of the system of (|1.16|) with the sys- 



tems studied in Chapter |2] and |3| is in the path integral evaluation of the 
index. The mathematical generality and significance of the twisted spin in- 
dex theorem reveals its presence in the form of different nontrivial aspects of 
path integration techniques used in its proof. Some of these are discussed in 
Section |2l| and Appendix [D| 



The earlier supersymmetric proofs of the index theorem followed the 
canonical quantization program. One of the difficulties of the canonical 
quantization of a superclassical system is that the fermionic momentum and 
coordinate variables are not independent. Thus, one needs to consider the 
appropriate (fermionic) first class constraints |TjJ. In the Peierls quanti- 



zation scheme this problem is completely avoided. This is because, in the 
Peierls program there is no need to define momentum variables to carry out 
the quantization. This also has practical advantages in handling the bosonic 
variables, e.g., see Section f2~T| 
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Chapter 2 



Supersymmetric Proof of the 
Index Theorem 



Abstract 

The Peierls brackect quantization scheme is applied to the supersym- 
metric system corresponding to the twisted spin index theorem. A 
detailed study of the quantum system is presented, and the Feynman 
propagator is exactly computed. The Green's function and functional 
integral methods provide a direct derivation of the index as a single 
universal superdeterminant. 



2.1 The Superclassical System and Its Quan- 
tization 

Consider a superclassical system described by the action functional S — S [<!>], 
with $ = denoting the coordinate (field) variables. The dynamical 
equations are given by 5S = 0, i.e. 

12 



Throughout this dissertation the condensed notation of El[ is used where 



appropriate. The following example demonstrates most of the conventions: 



In general, the second functional derivatives of S "are" second order differ- 
ential operators @, e.g. see fl2.14|) below. Let G ±% ' k " denote the corresponding 



advanced and retarded Green's functions: 

iS, f G ±j ' k " := -5(t-t")5* (2.2) 

where 5{t — t") and Sf are the Dirac and Kronecker delta functions, respec- 
tively. Furthermore, define: 

Qjk> ._ G+j k' _ G -jk' _ ^ 2 3 ^ 



Then, the Peierls bracket [33, 21] of any two scalar fields, A and B, of $ is 
defined by: 

{A,B'):=A, i G i i' j ,B. (2.4) 

In particular, one has 

(2.5) 

The Green's functions G ±l ^' satisfy the following reciprocity relation [plj] , 

G~ ij ' = (-l) ij 'G +j,i . (2.6) 

In ( |2.6| ), the indices i and f in (— l) 1 - 7 ' are either or 1 depending on whether 
) is a bosonic or fermionic variable, respectively. 
The quantization is performed by promoting the superclassical quantities 
to the operators acting on a Hilbert space and forming a superalgebra defined 
by the following supercommutator: 

[A,B] supei :=ih(A,B) , (2.7) 

where the right hand side is defined up to factor ordering. 



1 These are called the Jacobi operators. 
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The superclassical system of interest is represented by the Lagrangian 



\g^{x)x^x v + \g Xl {x)i^—^P 



+ 



(2.8) 



+ K 



ir] a * (f) a + x°Af(x)rf) + iF^x^VVV 



+ 



+ 



In (|2.8| ), x^ are the bosonic variables corresponding to the coordinates of M. 
g^y are components of the metric tensor on M. ip x and 7] a are fermionic real 
and complex variables associated with the bundles S and V, respectively. 
A ab and F x b are the components of the connection 1-form and the curvature 
2-form on V (written in an orthonormal basis of the structure Lie algebra). 
One has the following well-known relation in the Lie algebra: 



^■vi^l A^ , v -\- \_A^ , Ap 



(2.9) 



Both A^ and in ( |2.9p are antihermitian matrices. This makes L real up 
to total time derivatives. In (|2.8|) , k = 0, 1 correspond to switching off and 
on of the twisting, respectively, a is a scalar parameter whose utility will 
be discussed in Section fT2"[ (3 is the time parameter: t G [0,/?]. Finally, 
"dot" means ordinary time derivative 4, and % denotes the covariant time 
derivative defined by the Levi Civita connection, e.g. 



D 



The following set of infinitesimal supersymmetric transformations, 



5x» 

5r] a 
Sr] a * 



-iAt a ^rj b *8C 



(2.10) 



5£ := an infinitesimal fermionic variable 



leaves the action 



S :-- 



Ldt 



(2.11) 
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invariant. Hence, the system is supersymmetric. It is easy to see that the 
first two equations in ( [2.10 ) leave L\ := in (|2.8| ) invariant. Thus, for 
k = a = 0, one has a supersymmetric subsystem. This subsystem will be 
used to compute the index of spin complex (the Dirac A genus) in Section [2T4[ 
Li can also be obtained from (|1.16|) by reducing the system of ( |1.16|) by 
setting ipi — 1P2, for all /i. 

The Dynamical equations ( |2.1|) are: 



-K 



-iA ab {rf*rf + rf*rf) + ix a {A ab T - A a T b a )r] a *r] b + 



i 1 T-rab / T / e a* c 







D 



a 



K{-ir] h * + ix a Af r] a * + ±F^ij e 7] a *} + %} h * = 



(2.12) 



where the indices from the beginning of the Greek alphabet (7, 5, e, 8, if) label 
^'s and those of the middle of the Greek alphabet (n, ■ ■ ■) label x's, e.g. 



Similarly, 



S, T ■= S 



S, a := S- 



J_ 

6 



and S , 



S 



and 



S, a * '■ — S 



5ip e 



8r) a 5r] a * 
The supersymmetric charge Q corresponding to ( P-lOj ) is given by 

Q<xg^x». (2.13) 

The second functional derivatives of the action are listed in the following: 



d'~ 



dt 



d 



5(t - 1') 
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S 

> ,a* 



b,S,a> 



b. 



S 



b*S, a ' 



s ® 



d 

-iA™ v c *- + a 

d 

iT^ilj 5 — + C, 



■ 9 n 



6{t - 1') 
5(t - t') 
5(t - 1') 
5(t - t') 
6(t - t') 



K[C ea ]5{t-t') 
K[C ea *)5{t-t') 







K [Cfry] 5 (t- t') 

K[C ba ]5(t-t') 
d 



S(t - 1') 



K 



K 



iSba— + C\ 



Of 



ba" 



d 



5(t - t') 
8(t - If) 



k [C 6 * 7 ] 5{t - if 
d 



K 



iS, 



ba 



Of 



Ch*r 



5(t - if) 



(2.14) 



= K[C b * a *]5(t-t'). 

In (|2.14 ) Ci/s I are terms which do not involve any time derivative. These 
terms do not actually contribute to the equal-time commutation relations 
of interest, Q2.22j ). However, they will contribute in part to sdet[G +l ^} in 
Section 12.31. One has: 



'9jj,T,TT^ ^Tfj,u,iri' "H ^1" \ry T ^ip' ' f ip -\- i(T e ry T T g a ) tp^ip + 



2 $' e (x^, -0 7 , ?y a , ry 6 *) are generic variables. 
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a 



+ K 



C Ta 
C Ta * 
Ce7r 

C e7 

C ea * 
Cbir 

Cba 
Cba* 

Cb*^ 

Cb*a 
Cb* a * 



iA?rf - i{A a ^ T - A?)x a rf + ii^VW 



iT eS ^x^ s + ig e5 ^° - k [F 5 %ij V c *V 

-iA%x°rf* - \F%WTf* 


-iAfx* - \F$tftf - ^5 ab 



?cd „;.5„c*„d 



(2.15) 



The advanced Green's functions G +i ^' are calculated using (|2.2| ) and 



(2.14[). The results are listed below: 



G 



0(t' - t) [-/"'(* - t') + i/ r ' fary^z"' - i iWy^V- 







r] a *'r] b ') g v '*'{t- 





2 + 0(t- t') 3 




= <9(t' - 1) 







+ 0(t - t'f 




= 6(t'-t) 


gt' T 'A^r] c '(t- 





+ o(t - t'f 




= 6(t'-t) 


/ r ' ' A c lf' ' rf*' (t 


- 1 


) + 0(t-t'f 




= 6(t'-t) 




■0 


+ 0(t - t'f 




= 6(t'-t) 


-z/ 7 ' + 0(t - 


t') 






= 9(t' -t)[0(t-t')} 







(2.16) 
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G +ta * 


= 6{t' 




= 6{t' 


Q+W 


= 9(t' 


Q+ba' 


= 9(t' 


Q+ba* 


= 9(t' 


Q+b*ir' 


= 6(t' 


G+ 6V 


= 9(t' 


Q+b*a' 


= 9(t' 


Q+b*a* 


= 6(t' 



6(t'-t) [0(t-t')} 

ttV Ab'c'c' 



g^A b ;, c v c {t-t') + o{t-r 



j:5 b ' a ' + 0(t- t') 

g K>T> A Jb> ^ Q _ 

It - 0] 

j:6 b ' a ' +Q(t- t') 



,/\2 



6(t' -t)[0(t-t')} . 

The Green's functions G~ % ^' and are then obtained using ( |2.6| ) and 

( |2.3|) , respectively. Substituting the latter in ( |2.5D leads to the following 
Peierls brackets: 



(x^, ip 1 

(x f , 7] a 



(v b , v a 



-g^\t - t') + ±/ r ' (2T T i v ,^x»' - fiWeV^'V + 
-iKFf v ,if\ v \ g^\t - t'f + 0(t - t'f 
g^Yt 5 4 S 'it-f)+0{t-t'f 



t'f 

g^ T 'A a ^' V c '{t-t') + 0{t-t'f 
-/ r 'A^'^'it - + 0(t - t'f 



(2.17) 



-ig e "< +0(t-t') 



) = -^ Va ' +0{t-f) . 



Other possible Peierls brackets are all of the order (t — t') or higher. Dif- 
ferentiating the necessary expressions in ( |2.17| ) with respect to t and t', one 
arrives at the Peierls brackets among the coordinates (x,ip,7],r]*) and their 
time derivatives. The interesting equal-time Peierls brackets are the follow- 
ing: 



(r, v a l = (v a ,v b ) = (v a *,v b *) 







(2.18) 
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(x^x n ) 


= 


— 


(x^x*) 


= <F 






= g^i.r 






X^7] a *) 





(r^„ - V TU ^ + iRr^W + iKF? uV a *ri b 



The next step is to define the appropriate momenta conjugate to x v . The 
canonical momenta are given by: 



(canonical) 
Pv 



_d_ 

dx v 



g v ^ + flV^V 7 + iKAf v a *rf>. 



A more practical choice is provided by: 



Pv 



(2.19) 
(2.20) 



This choice together with the use of fl2.4|) and ( |2.18 ) lead to: 



(Pu, X") 


= -6* 


(Pu,^ 1 ) 


= 


(Pu,V a ) 


= A a u c r] c 




= -A™rf 


(Pv,Pv) 





(2.21) 



The quantization is performed via ( |2.7| ). Enforcing ( |2.7| ) and using Q2.18| ) and 



Q2.21 ), one has the following supercommutation relations. For convenience, 



\x\ x v \ 



the commutators, [.,.], and the anticommutators, {.,.}, are distinguished. 

[ X ^4)~<] = [X^7] a ] = [X^7] a *] = 

{r,V a *} = {v a ,r ] b } = {7 1 a *,7 1 b *} = 



{v a ,v b *} 



[x",Pu] 



[v a ,p 
lv a *,P 

[P^Pv 



-S ab 

K 

-ihA a u c r] c 
ihA c u a V c * 



(2.22) 
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One must note that in general there may be factor ordering ambiguities in 
the right hand side of Q2.7|) . Indeed, for the example considered here there are 
three inequivalent choices for the last equation in ( |2.22| ). These correspond 
to the following choices of ordering t] a 



^ a *r] b in 



ri a *r] b 



and ±(t/V 



(2.23) 



The first choice is selected in ( |2.22| ) because, as will be seen in Section |2]2|, it 
leads to the identification of the supersymmetric charge with the twisted 
Dirac operator. The quantum mechanical supersymmetric charge corre- 



sponding to (|2.13|) , which is also hermitian, is given by: 



Hermiticity is ensured in view of the identity: 



(2.24) 



Here, g is the determinant of (g^) an d the proportionality constant, l/y/h, 
is fixed by comparing the reduced form of ( |2.25| ) to the case: if) = r\ = and 
M = TR n . Equation (fZ2|) together with flTTJ) yield the Hamiltonian: 



H = Q 2 = y-tppgsg^Pvg-* + %R- 



K 



(2.25) 



The derivation of ( |2.25| ) involves repeated use of Q2.22 ). In particular, the 



appearence of the scalar curvature term, \R-, is a consequence of the third 
and the last equations in (|2.22|) and the symmetries of the Riemann curvature 
tensor. A detailed derivation of ( |2.25| ) is presented in Appendix y. Reducing 
the system of ( |2.8|) to a purely bosonic one, i.e. setting if) — rj — 0, leads 
to the problem of the dynamics of a free particle moving on a Riemannian 
manifold. Equation (|2.25|) is in complete agreement with the analysis of 
the latter problem by DeWitt [21]. One has to emphasize, however, that 



here the Hamiltonian is obtained as a result of the superalgebra condition 
(|1.14|) . One can also ckeck that ( p.25|) reduces to the classical Hamiltonian, 

i.e. — L, as Ti — > 0, for the Lagrangian ( j2.8|) with a = 0. It turns out 

that this is precisely what one needs for the proof of the twisted spin index 
theorem. See Section |2~2|, for a more detailed discussion of this point. 
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2.2 The Quantum System 

In the rest of this chapter h will be set to 1. 



The Case of Spin Complex (k = a = 0) 

Let {e^dx 11 } be a local orthonormal frame for the cotangent bundle, TM*, 
i.e. e* e£5y = and {ef be its dual in TM. Consider, 

7 i := zVSej,^. (2.26) 

Then, Q2.22| ) implies: 

{7 < ,7 7 '} = -25y (2.27) 

In the mathematical language one says that 7*'s are the generators of the 
Clifford algebra C(TM*)®<C, [§, Part II, p. 6]. Furthermore, for % = 1, I : = 
m/2 define 0,0: 

€ := ^(7 2i - 1 + ^) 

ft := _I( T 2-i_ iT ^. (2.28) 
Equations ( |2.27|) and ( 2.28|) yield the following anticommutation relations: 

ice ) = s* j 

{?,?} = {C j ,e j } = 0- (2-29) 

( |2.29|) indicates that £ l and ^ behave as fermionic annihilation and creation 
operators. The basic kets of the corresponding Fock space are of the form: 

\i r ,...,i u x,t) :=e ri -e ij \x,t). (2.30) 

The wavefunctions are given by: 

*i lt ...,ir(x,t) = (x,t,i u ...,i r (2.31) 

where 

(x, t, i r |. | i r: ii, Xj t/ . 
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The chirality operator (—!)•' of ( 1.1 5|) is defined by 



n(i-2^). 



(2.32) 



i=l 



Equation ( j2.32j ) is a clear indication of the relevance of the system to the 
spin complex. In fact, in terms of 7's the supersymmetric charge, Q2.24j) , is 
written as 

Q = ^gh u Pug~ 1 \ (2.33) 

where 

Y ■= <7*- (2.34) 

It is not difficult to see that indeed Q is represented by the Dirac operator 
Tp in the coordinate representation, i.e. 



with 



d 



The following commutation relations can be easily computed: 

[x", -i fa] = iSfi 

V, -i t 1 



-% fy, -i 



In ( p.36| ) and (|2.38|) uj^ and u l - refer to the spin connection: 



ui\ ■= r M e l e a - e l e M — u ■ ■ 



(2.35) 
(2.36) 

(2.37) 
(2.38) 
(2.39) 

(2.40) 
(2.41) 



In the derivation of ( |2.39| ) one uses the symmetries of u U ij, especially the 
identity: 



UJi. 



Comparing ( |2.37|) , ( |2.38|) , (|2.39| ) with the last three equations in Q2.22|) jus- 
tifies ( |2.35|) and the claim preceding it. 
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Following the analysis of EI] , §6.7], the coherent state representation can 
be used to give a path integral representation of the supertrace of any op- 
erator, O. The following relations summarize this procedure. The coherent 
states are defined by 



\ x ,£- t ) := e -^+P'W \ X)t ) 
(x,C;t\ := \x,Z;t)i , eeC. (2.42) 

The is used to distinguish the operators from the scalars where necessary. 



Equation ( |2.42j ) leads to 

str(0) = — ^ J (x, C]t\6\x, £; t)cTx d l C d l £. (2.43) 

In particular, one has 

str(e-^ H ) = J (x, ?;t + P\x, £; t)d"x d l ? d% (2.44) 

The following notation is occasionally used: 

K(x,^(3):=(x,C;P\x,^0) (2.45) 



(|2.45|) has a well-known path integral representation. One can change the 



variables £'s to ^'s in ( |2.44j ) and ( |2.45| ) to compute the index. This will be 



pursued in Section 2.4. 



The Case of the Twisted Spin Complex (k = 1) 

The commutation relations between 77's and rj* 's in ( IjD , with % = 1 and 
7/t := r}*, read 

{ v a , V b } = {77 at ,?7 6t } = . (2.46) 

Thus, rj and rf can be viewed as the annihilation and creation operators for 
"//-fermions" . The total Fock space J-" t ot. is the tensor product of the Fock 
space JF of the k = case and the one constructed by the action of rf's on 
the vacuum. The basic kets are: 

\ dp, . (Xi, i r , ... , i\, x, t) . | dp, fJi, x, t}® | V, ii, x, t), 
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where 

| dp, ...,ai,x,t) := ?7 apt ...7/ Ilt \x,t). 

The relevant Fock space for the twisted spin complex, however, is the sub- 
space Ty of jF tot spanned by the l-7/-particle state vectors. These are repre- 
sented by the following basic kets: 



| o, i rj . .. , Zi, x y £) . 
In the coordinate representation one has: 

(x,t,H, ...,i r ,a | Vii = + A /J )(x,t,i 1 ,...,i r ,a 



(2.47) 
(2.48) 



where 



A 



- A ab n a *n b 



This is justified by computing the following commutation relations and com- 
paring them with the last five relations in ( |2.22|) : 



\x» -ii 



■ + Ay)] 

r,-i{pv + A v ) 

[rT, -*($, + A)] 
+ An),-i(ftv + A u )] 



i6$ 



iA c u a v c * 



Again, the supersymmetric charge Q of (|2.24|) is identified with the twisted 
Dirac operator, py, i n the coordinate representation. In view of ( |2.24j) , 
C P726|) , and ( ^48|) , one has 



(x,t,ii,...,ir,a \ Q = ^g* + A^g *{x,t,ii, 



(2.49) 



Once more, 7 m+1 of ( |2.32|) serves as the chirality operator. In particular, 
Q switches the ±l-eigenspaces of 7 m+1 , i.e. {7 m+1 ,Q} = 0. 
Coherent states are defined by 



\x,t,W,t) := e 2' 
The supertrace formula, the analog of ( [2.43 ), is given by: 
1 



str(0) 



(2m) 



l+n 
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The application of the latter equation to the time evolution operator leads 
to 

str{e-* H ) = j^y^ J(x,C,V*;t + (3 | x, £, r/; t)cTx 4*4 A* A (2.50) 

Equation ( j2.50| ) does not, however, provide the index. This is because in 
(|2.50|) the supertrace is taken over jF tot , rather than Ty. This is remedied 
by including a term of the form 



in ( p.50| ), and considering 

str 

The linear term in 



e 



e := e ia 



(2.51) 



in ( [2.51D is precisely the index of The term [...]3 in the original La- 

grangian ( |2.8| ) is added to fulfill this objective, |T^, [TJ|]. In Section 



H eS . := H — ^fj a (2.52) 
will be used in the path integral evaluation of the kernel: 

K{x,^mP) := (x,e,V*;(3\x,Z,v,0)- (2.53) 
The index of <fly is then given by 

d 



index (dv) = tt 
oe 



str(e- i(3HcS ) . (2.54) 



e=0 



2.3 The Path Integral Evaluation of the Ker- 
nel, the Loop Expansion and the Green's 
Function Methods 



The path integral evaluation of the kernel, ( |2.55|) below, is discussed in [^T 
§5]. In general, for a quadratic Lagrangian the following relation holds: 

r(#'V") 



K(&',t" | $',f) := ($",t" | = Z r ' e lS[ * ] (sdetG + m) * D$. 

(2.55) 



3 Note that ( |2.51 ) is a polynomial in 
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Here , Z is a (possibly infinite) constant of functional integration. In the 
loop expansion of ( j2.55|) , one expands the field (coordinate) variables around 
the (classical) solutions of the dynamical equations, $o(^) : 

&{t) = %{t) + <\>\t). (2.56) 



Substituting (|2.56| ) in ( [2.55| ) and expanding in power series around <E> > one 
has I : 

K($",t" | = Z(sdetG+)-h iSo J e^ 1 *> So ^ 3 {1 + ■ ■ -}V4> . (2.57) 

Here,"- • •" denotes the higher order terms starting with the 2-loop terms §. 
The subscript " " means that the corresponding quantity is evaluated at the 
classical solution $ , e.g. 

i,Soj := iSj [$o] • 

The lowest order approximation of (|2.55| ) , which is explicitly shown in (|2.57|) , 



is the well-known WKB approximation. This term can be further simplified if 
the surviving Gaussian functional integral in (|2.57|) is evaluated. Generalizing 



the ordinary Gaussian integral formula, one has B: 

J e & TV, = c[sdet(G)]^ . (2.58) 



The Green's function G = which appears in fl2.58|) , is the celebrated 

Feynman propagator. It is the inverse of (j,So t i), : 

iSo,?Gi' k " = -5*8{t-t"), (2.59) 

defined by the boundary conditions which fix the end points: 

$(£') = $' and $(t") = (2.60) 
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There are additional complications if M has nontrivial first homology group, |2l| 



However, this is not relevant to the computation of the index. See Section 2.6 for a further 
discussion of this problem. 



The 2-loop terms will be analyzed in Chapter ||. They are of order j3 or higher. 



In (2.5q) c is a constant of functional integration, it may be identified with 1 if the 



action is appropriately rescaled. However, this does not play any role in the application 



of (2.58|) and thus is not pursued here. 
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An important property of G 13 is the following [f2T 



(2.61) 



The emergence of sdet(G + ) in (|2.55| ) is quite important and must not be 
underestimated. An explicit computation of sdet(G + ) for (|2.8| ) is in order. 
The main tool is the definition of the sdet as the solution of the variational 
equation [2l|, §1]: 

5hx[sdet{G + )\ := str[(G + )- 1 5G + ] . (2.62) 
Using the definition of G + 

(G M3 )~ l := -US d ) (2.63) 

one has 



5 In 



sdet (G H 



<s>",t" 

<S>'t' 



dr dT'(-iy iSS >f G +j ' 



(2.64) 



In ( |2.64| ), the variation in the action is with respect to the functional variation 
of the metric and the connection fields, i.e. 5g^ u and SA 1 ^, respectively. In 
view of ( |2.14| ) and Q2.16| ), equation ( j2.64| ) becomes: 



5 In sdet (G 



v '■'0 
v '""0 



dt 



i5 ab (5C ba * + 5C b * a )+ig^6C eJ 9(0). 



i t (5\ng)-iGV e 5g tl + (2.65) 



In ( p.65| ), Gi le are the coefficients of the linear terms in the expansion of 
G +7£ in (glBD , i.e. 



G+^' =: 9{t - t') -ig^' e ' + Gl 1 6 (t - t') + Q(t - t' f 



(2.66) 



and <5C"s are the variations of the corresponding terms in (|2.15|) . It is quite 
remarkable that although other higher order terms in ( |2.16| ) originally enter 
in ( [2.64|) , their contributions cancel and one is finally left with ( [2.65| ). The 
fortunate cancellations seem to be primarily due to supersymmetry. Inci- 
dentally, the calculation of Gi le is quite straightforward. The 16 coupled 
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equations, ( |2.2| ), which give the next order terms in ( |2.16| ), decouple mirac- 
ulously to yield: 



(2.67) 



Substitituing ( |2.67| ) in ( |2.65| ), the second term in ( p. 67] ) drops after contract- 
ing with 5g n . The surviving term combines with the last term in ( |2.65| ) to 
produce a factor of 

Finally, using fl2.15|) and the identity 



p7 

1 2' 



one obtains: 

6\nsdet (G H 

Adapting 0(0) = 1/2, §6.4], and integrating ( |2.68|) , one has: 

G + |$/^°J = const. gi(x')g~i(x') . 



|*".*0 

*' t 1 



2K dt ■ 



e(o)dt. 



(2.68) 



(2.69) 



Specializing to the Euclidean the "const." is identified 

with "1". Furthermore, for the periodic boundary conditions (|2.73 ), equation 
( |2.69| ) reduces to 

sdet(G + ) = 1 (for: x" = x') . (2.70) 

Equation Q2.70D is a direct consequence of supersymmetry. It results in a 
great deal of simplifications in ( |2.57| ), particularly in the higher-loop calcu- 
lations of Chapter [| 



2.4 The Derivation of the Index of Dirac 
Operator 



Combinning (|l35l) ,(CT ) ,(|235|),(^57|),(^58|) and (|2~70|) , one obtains the in- 
dex of $ in the form: 



index (0) 



(2m) 



K(x,ip;P^ 0)Qd m xd"\p, 



(2.71) 
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where 



K(x,ip;[3-+ 0) := (x,ip;f3^0\ x,ip;0) W = B Zee 1 * [sdet{Gp , (2.72) 

and is the superjacobian associated with the change of variables of inte- 
gration from £, £*'s to ^'s. 

In ( |2.72| ), the periodic boundary conditions must be adapted, i.e. 



x(Q) 



x((3) =: x 



(2.73) 



This is consistent with supersymmetry fl2.10|) , |34], [13|, [15| . 

Requiring ( |2.73|) and considering /3 — > 0, the only solution of the classical 
dynamical equations ( |2.12| ), with k = 0, is the constant configuration: 



x (t) = x ip Q {t) = • 
Substituting ( g77§ in Q, one has 0: 

S = 0. 



(2.74) 



(2.75) 



Thus, the factor e lS ° in ( |2.72j ) drops. Another important consequence of 
( |2.74| ) is that unlike %,Sj, ( |2.14| ), j,«Soj are tensorial quantitities. This allows 
one to work with normal coordinates, M, centered at xq, in which 



T^(xo) = 0. 



(2.76) 
(2.77) 



In the rest of this section, all the fields are evaluated in such a coordinate sys- 
tem. The final results hold true for arbitrary coordinates since the quantities 
of interest are tensorial. 

Substituting ( f2.74| ) in ( f2.14j ), using ( |2.77| ), and noting that all the C's 
vanish one obtains: 



— 7? — 



,Soy — 
d 
Ot 



5(t - 1') 



(2.78) 



5(t-f). 



7 One must take note of the end point contribution to So- For details see Appendix D. 
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Here, go T7T = 5 T7T are retained for convenience, and 

K T7T := ^Rser^xo)^^. 



(2.79) 



The Green's functions Q2.59Q are also tensorial quantities. They can be ex- 
plicitly computed: 



97 



Bit - 1 



+e(t'-ty 



( e nt-P) _ i)(i_ e -^) 



l)(l-e 



(2.80) 



Hie*? - 1) 



Qn8> 



G 1& ' = ^gtW-t')-e{t' -t)] 



(2.81) 
(2.82) 

(2.83) 



In ( |2.80| ), the expression inside the bracket is to be interpreted as a power 
series in: 

K := (K) := {g^n TV ). (2.84) 

This is a finite series due to the presence of ipo's in ( p.79| ) i. Equation ( p. 80] ) 
is obtained starting from the following ansatz: 



6(t - t'){- - l)t'g^Xl„(t,t') + 9(1/ - t)& - l)tg^X^(t,t') 



(|2.85|) satisfies the boundary conditions Q2.60|) , i.e. 

G* e = if t or t' = or p. 



(2.85) 
(2.86) 



Moreover, the reduction to ij) = case is equivalent to choosing X± = l mX m- 
Imposing Q2.59| ) on (|2.85|) and using (|2.78|) , one obtaines the following equa- 
tions: 



t>t' : (t-P) 



d 2 d 



+ 2 



d 

-X + - \KX, 



(2.87) 



8 One can use all the properties of the "exp" and other analytic functions with arguments 
such as 1Z. The only rule is that the power series expansion must be postponed until all 
other operations are performed. 
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t <t' : t 
t = t' : 



d 2 d 



+ 2 



d 



(2.88) 
(2.89) 



d_ 
dt 



X+ 



0_ 

Of 



x_ - izx+ + izx_ 



( |2.87| ) and fl2.88| ) are easily solved by the power series method. The final 
result, (|2~80D , follows using (^6lD and (ggp . The derivation of ([2^81]) , QpM) , 
and ( |2.83|) is straightforward. 

The next step is to compute sdet(G). This is accomplished by considering 
a functional variation in the metric tensor, dg^, and using the definition of 
sdet, ( |2.62| ). After considerable amount of algebra and repeated use of the 
symmetries of g^ v , and 1Z V ^ one arrives at the following expression: 



S\n[sdet(G)} = 0(O)tr 



281n{L3K) +L38K{ 



1 + e 



m. 



Setting 9(0) = 1/2 and integrating the right hand side of (|2.90|) , one has 



(2.90) 



Sln[sdet(G)} = Sir In 



2 



Lsinh(f ; 



(2.91) 



Since 1Z is antisymmetric in its indices, it can be put in the following block- 
diagonal form: 



o n t 

TZi 



1Z = diag 

Another important observation is that 



: i 



OR 



(2.92) 



sinh(^) 



and hence ln[ 



BIZ 
. 2 
sinh(^~) - 



arc 



polynomials in (^-) 2 . In view of (|2.92j ), it is easy to see that 1Z 2 is diagonal, 
namley 

TZ 2 = diag{-K\, -K\, ■ • • , -TZ 2 , -K 2 ). (2.93) 
Implementing (|2.93|) in (|2.91| ), one has: 



6\n[sdet(G)] = 25\n]J 

3=1 



{UK; 



sinh( 
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and finally 



sinh( 



Pilli 



(2.94) 



sdet(G)^ = c\{ 

3=1 

where c is a constant of functional integration. Substituting ( [2.94 ) and ( f2.74| ) 
in ( p.72j ), one obtains the kernel in the form: 



K(x,i;;f3^ 0) = ZccH 

3=1 



sinh( 



f3iTZj - 



(2.95) 



To write IZj as functions of x and ip , one needs to also block-diagonalize: 



(5^50(^0)^0^0) = diag 



IWoVo 



:j = l,---,l) ■ 

(2.96) 



Combinning (g^g[),(ggg),(ggg),(gg3D and ( gg§ ), one is led to 



ir(x ,^ ;/3^0) = Zcgn 



2 



sinh(^M; 



(2.97) 



The proportionality constant Zee =: Z is determined by specializing to the 
M = TR m case. Using the results of |21], §5, §6], one has 



0m 



Z = (2mdt)~*s x (2iri 
The limit (3 — > is taken by setting 

P = dt. 



-2L+.1 



(2.98) 



(2.99) 



Finally, combinning ( |2.71| , [2.97| ) and ( P-9S| ), and realizing that ef (xq) = <5f so 
that 6 = one has 



index (0) 



(2 



7T 



n 



2 



sinh( 



The -^-integration rules, lf2l[ 



J-00 #0 







(2.100) 



(2.101) 
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allow only the highest degree term in the integrand to survive. This implies 
the cancellation of /3's. Performing the f/'o-mtegrations yields an expression 
for ( |2.100D which is identical with the following: 



index(^) 



Si 

2 



sinh(- 



top 



ill 



n 

3=1 



Si 
Ijt 



sinh( 



4w > 



top 



In fl2.102j ), Qj are defined by (|1.5| ) and the identity 



fij = fijje dx 5 A dx 6 *. 



(2.102) 



(|2.102|) is precisely the statement of Theorem JTJ, i.e. (O). The fact that the 
integrand in (|2.102|) is an even polynomial in implies that only for I = 2k, 
i.e. m = 4k, is the index nonvanishing. 



2.5 The Derivation of the Index of the Twisted 
Dirac Operator 

Equations (^50|) , (|2~53|) , (gj|) , (^351) , (^57|) , (p38j) , and (^70|) provide the 
following formula for the index 



index (^v) 



d 




\ 1 / 


d~e 


6=0 


(27ri) l+n J 



K(x, ip, n; (3 -> 0) 6 tffc cfty A* A 

(2.103) 



where 



K(x,^,n;f3 0) := (a;, V, V; -»• | x, ip, n; 0) ^ B Z'de iSo [sdet(G)]? . 

(2.104) 

The first step in the calculation of the kernel is to obtain the classical solution 
of the dynamical equations, (|2.12| ), in the (3 — > limit. 

As one can see from the analysis of Section |2.4j , absorbing a factor of 
a/5 in ^'s can take care of the limiting process automatically. Furthermore, 
following define the parameter: 

t 



s 
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and expand the coordinate variables in powers of (3: 



x{t) = x (s)+x 1 (s)p + O(p 2 ) 

m = -^[Ms)+Ms)p + o(p 2 ) 

V (t) = fj (s)+fj 1 (^ + O((3 2 ). 

T)*(t) = f ] *(s)+fj* 1 (s)P + 0(p 2 ). 



(2.105) 



The appropriate boundary conditions for ( |2.104j ) are the periodic boundary 
conditions i.e., ( |2.73|) and: 



V 



r]' := rj(t = 0) = r](P) =: 77" 

rj*(t = 0) = rf{t = (3) =: rf" = rf 



(2.106) 



It follows from (|2.73|) ,( ^.106f) , and (|2.105|) that the dynamical equations 
are solved by: 



x (t) = x + O(p) 

Mt) = -^=y>o+Ms)p+o(p 2 : 

vo(t) = Us) + o(p) 

Vo(t) = + O(P), 



(2.107) 



where xo and i/jq =: ^j^^Po are constants. Adopting a normal coordinate 
frame centered at xo and using (|2.76|) , (|2.77| ) and 

Af(x ) = 0, 



one has: 



±j>l - ig2 e F e i(x )$ 5 rjZ*rj b 



d 
ds 



rfc - %{T ab + a5 ab )fi b 



^ + i{P a + a5 ba )fj b * 
as 





0. 



(2.108) 



9 In fact, one can adopt antiperiodic boundary conditions for rfs and ?7*'s, ]13| ]. Since 
the relevant trace is taken over the l-77-particle state vectors, this would introduce an extra 
minus sign. 
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Here T is defined by 



(2.109) 
(2.110) 



The quantity: 

T = (Tab) ■= (\F%{x G ) ^o) = \? 
will also be used. 

The next step is to compute So- This is done in Appendix [D|. The final 
result is : 



-irj u 



J^F+al-nxn) _ 1 



ab 



n 



(2.111) 



Next, one needs to calculate the Feynman propagator G. This is done in 
two steps. First, consider the special case of 



x {t) 



X 



(2.112) 








It is clear that (|2.112|) satisfies the dynamical equations, (|2.12|) . Substituting 
( 2.112 ) in ( p. 14 ) and (|2.15|) , one recovers ( P-78Q . The other nonvanishing 

iS /s are: 



6,^0,0*' 

b*,So,a' 

In other words, one has: 



i5 ba § - (T ah + Z5 ba )] 5(t - t') 
iha§i + (Fba + % S ba )] 8(t - t') 



(2.113) 
















b,S 0>t 
b*So,a' 



(2.114) 



(|2.114|) suggests: 



(g#') 


































G ac * 








Qa'c' 






(2.115) 
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In view of (1239) ), it is clear that G* e and G JV ' are given by equations ( p.8C| ) 
and Q2.83|) , respectively. Defining 

G 1 (t,t') = (GT(t,t')) := (G a * c ') 



G 2 (t,t') = (G a 2 c (t,t')) := [G ac 
and using (gll5|) ,(g^,( gll3D ,(CT), (g!8^) , and (|3J), one obtains: 



-5(t - 1') 
-8(t - 1') . 



(2.116) 



In ( p. 116] ), use has been made of the fact that T is hermitian and hence 

^•transpose jyt 

To compute G\ and G 2 , consider the ansatz: 

G k (t,t') =6{t-t')e iX ^ -6(1? -ty yk ^ (k = 1,2). (2.117) 

Substituting 1 17| ) in ( |2.116| ), one obtains: 







i < £' 









+ e 



t=t' 



% k = l,2. 



Finally, using ( p. 611 ): 



Gi(t,0 = -G , r nspose (t / ,t), 
one arrives at the following expressions: 



Gi(M') 
G 2 (t',t) 



G ac 



)(*-*) [0(t - 1') - e(t - 1)} . 



(2.118) 
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Next step is to observe that, in the limit: (3 — > 0, ( f2.115| ) with ( |2.80| ),( p.83| ), 
and ( [2.1181 ) actually satisfies equation ( |2.59|) even in the general case of 
( |2.107D . To see this, it is sufficient to examine: 



e, 5*0,7' 



P' 



P~ 



d 2 



ds 



+0{(3)}5{s-s>) 



d 



and 



b*So,a' 



p- 2 
p- 2 



d 



5{s - s') 



iSbaT. {Fab + a$ab) + 0(j3) 

OS 

d 

i5 ba — + {T ba + a5 ba ) + 0{p) 

OS 



(2.119) 
(2.120) 

5{s - s') 

5{s-s'). (2.121) 



The next step is to compute sdet{G). Since G is block-diagonal, one has: 

sdet{G) = sdet{G ).sdet{G v ) (2.122) 



where 



G*t' 
G^' 



and G r 



G ac * 
G a * c ' 



Clearly, sdet{G ) is given by Q2.94Q . sdet{G v ) is computed following the 
procedure of Section |2]^. Applying ( |2.62| ) and ( |2.64j ) to G v and writing only 
the nonvanishing terms, one has: 



Slnsdet{G r] ) 
Let us define: 



dt / dt 

o Jo 



Z{t,t") := / dt' 



en /~ia c en sia c* 



(2.123) 



(2.124) 



Taking the functional variation of ( |2.121| ) with respect to and substituting 

(2.125) 



the result in (|2.124|) , one has: 



Z{t,t") 



-5F ac G ac +5T ca G° 



37 



tr [-8F* Gi(t,t") + 6FG 2 (t,f)] 
tr [fcf^+f ){t ~ n + 5e { ^ + f )( '" < " ) 

5tr 



0(t-t")-6(t"-t) 
2(t"-t) 



*|cos[(^+^)(t-01 
^+^) 2 (t"-t) + 0(i-t") 3 



e(t-t")-e(t"-t) 
t"-t 



[6(t - t") - 6{f - t)\ 



Combinning equations ( 2.123|) ,( 2.124 ), and ( |2.125| ), one obtains: 



S\nsdet(G v ) = dtZ(t,t)=0, 
Jo 



and hence: 

sdet(Grj) = const. 
Equations (g^j),( g^2g ), and JDSED yeild: 



[stZet(G0] 5 r J ] 
i=i 



sinh(- 2 

Substituting ( pTH| ) and ( p!27|) in (g3Dg ), one finds: 



(2.126) 



(2.127) 



K(x ,Vo,^/5-0) = ZV5 / n 



sinh( 



exp 



3 j(/3^ r +ol„xn) _ 1 



ab 



(2.128) 

The constant Z' := Z'c'c' is fixed by specializing to the case of T = a = 0. 
In this case ( |2.128| ) must reduce to ( |2.97| ). Thus, 

Z' = Z = (2ni(3y l . 

Substituting ( |2.128| ) in ( 2.103|) and performing the n* and r\ integrations, one 
has: 



d 

index (^v) — tt 
oe 









/n 

J i=i 


2 




sinh(^ i ) 



det 



J-T 



(2.129) 

At this stage, one can take the e-derivative. Since T is hermitian it can be 
diagonalized, i.e. 

T =: diag{Tx, ■ ■ ■ ,F n ). 



38 



Then, 

d_ 

d~e 



det 



e=0 



3 t(/3f+al nx „) _ 



d_ 
8~e 



6=0 



.a=l 



In 



e=0 



jj( ee ^-i; 



.0=1 



n 

= X>^« 
a=l 

= tr(e^). 

Using ( |2.13tJ ) and performing ^-integrations, one finally arrives at: 

1 



(2.130) 



index (^v) 



(2tt)' Jm 



n 



Si 
2 



sinh(-j-' 



tr (e 



top. 



Si 

■17T 



n. 

J=1 \smh( 



tr ie^ 



Aw ' 



(2.131) 



top. 



In (|2.131D , Qj and F are defined by (|1.5|) and (|1.12|) , respectively. This 
completes the proof of Theorem EL 



2.6 Remarks and Discussion 

The following is a list of remarks concerning some of the aspects of the present 
work: 

1. The reality condition on the Lagrangian (|2.8| ), requires F^ u to 
be antihermitian matrices. This is equivalent to requiring the 
structure group of the bundle V to be (a subgroup) of U(n). This 
is consistent with the existence of a hermitian structure on V. For, 
any hermitian vector bundle can be reduced to one with U (n) as 
its structure group. 

2. The term ir\ a *rf in the Lagrangian fl2.8|) can be replaced with 

with no consequences for the action. This is because the boundary 
conditions on 77's and 77* 's are periodic. 
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3. In the Peierls quantization scheme, the momenta, "p M ", are not 
a priori fixed. They may be chosen in a way that facilitates the 
analysis of the problem. In particular, the choice: Q2.20| ) has obvi- 



ous advantages. The factor ordering problem may arise in general. 
In the case of th index problem, however, the requirement that the 
supersymmetry generator be identified with the elliptic operator 
in question, enables one to choose the appropriate ordering. It is 
also remarkable that in the special case that the structure group 
of V can be chosen SU (n), the factor ordering ambiguities, (p.23|) , 



disappear. It seems that the obstruction for having a unique quan- 
tum system is the first Chern class. 

4. The problem of nonuniqueness of the momentum operators was 



not addressed in Section |2]2|. In general, 

p := p^dx* 



is unique up to closed forms, u G H X {M, H), f2"I]| . This is reflected 



in the path integral formulation as the necessity of concidering 
different homotopy meshes of paths. This is, however, not relevant 
to the index problem. In general, the index of an elliptic operator 
is a map: 

index : K{TM) -> Z , 

where K{TM) ^ K{M) = 0^ H 2i (M, Z) is the Grothendieck's 
K-group (ring), p5| . Thus the index does not detect the first 
cohomology group of M. For more details of K-theory see Ap- 
pendix [A.ll| . 

5. The procedure used in the evaluation of the index in this paper 
are essentially based on a single basic assumption. This is the 
Gaussian functional integral formula, ( |2.58| ). The other important 
ingredient is the definition of the superdeterminant, (|2.62|) , which 
is assumed to hold even for infinite dimensional matrices. The 
latter can be easly shown to be a consequence of Q2.58Q . 



6. The factor [sdetG + ] 2, in ( 2.55 ), is usually constant for the case 



of flat spaces. However, it contributes in an essential way in the 
case of curved spaces. For the system considered in this paper, 
it was explicitely calculated and shown to be 1. It is not difficult 
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to see that the amazing cancellations are due to supersymmetry. 
Considering the complexity of the system, (|2.8| ), ( j2.14|) , and (|2.15|) , 
this might be a general pattern for a large class of supersymmetric 
systems. 

7. The appearence of ^-R in the Hamiltonian, (|2.25| ), can be verified 
independently by comparing the heat kernel and loop expansions 
of the path integral, (|2.55|) . This term contributes to the linear 



term in the heat kernel expansion, [2l|. On the other hand, the 
presence of h 2 is reminiscent of the contribution to the path in- 
tegral in the 2-loop order. The complete 2-loop analysis of this 
problem is the subject of the next chapter. 
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Chapter 3 



The Scalar Curvature Term in 
the Schrodinger Equation 



Abstarct 

The quantization of the superclassical system used in the proof of 
the index theorem results in a factor of 4-i? in this Hamiltonian. 
The path integral expression for the kernel is analyzed up to and 
including 2-loop order. The existence of the scalar curvature term is 
confirmed by comparing the linear term in the heat kernel expansion 
with the 2-loop order terms in the loop expansion. In the operator 
formalism this term arises from the fermionic sector whereas in the 
path integral formulation it comes from the bosonic sector. 



3.1 Introduction 

In the preceding chapter, a supersymmetric proof of the twisted spin index 
theorem was presented. There, the Peierls bracket quantization was applied 
to the following supersymmetric Lagrangian: 



2 iJHU -» x 



+ - 

~ 2 



#e 7 # 



7 + ^r> f 



+ 



(3.1) 
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a 





ir] a* f^a + ^^b^ + Ipab ^e^^^b 



+ 



+ §7f V • 



The classical "momenta" were defined by: 



(3.2) 



The Peierls bracket quantization led to the quantization of the supersym- 
metric charge: 

Q = ghv9~* ■ (3.3) 

The quantum mechanical Hamiltonian was then given by: 

H = Q 2 = \g-h^srPu9~^ + tR~ f^^Tl* • (3.4) 
The fact that Q is identified with the (twisted) Dirac operator, 

Q =V> , (3.5) 

defined H uniquely. 

Reducing Q3.1J) to a purely bosonic system, i.e. setting if) = r\ = r/* = 0, 
one arrives at the Lagrangian for a free particle moving on a Riemannian 
manifold 0. Equation (3A) is in complete agreement with the analysis of the 
reduced system presented in There, the Hamiltonian was defined by 

requiring a particular factor ordering, namely by the time ordering §6.5]. 
Furthermore, it was shown in |21, §6.6] that the term in the Hamiltonian 
contributed to the kernel: 



K(x';i!'\x'-i!) := {x" = x'-t"\x';t') 



a factor of 



- 

24 



R{x') (f - 1') 



(3.6) 



(3.7) 



This was obtained using the heat kernel expansion of ( p.6|) . The quantity: 
( |3.7| ) is the linear term in the heat kernel expansion. In ET], §6.6], the 2-loop 
terms were computed. It was shown that indeed the loop expansion validates 
the existence of term. The presence of the scalar curvature factor in the 



1 In this dissertation the case of closed and simply connected Riemannian manifolds is 



considered. The reason is explained in Section 2.6 
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Schrodinger equation is discussed in |35| . For further review see, |36], [3^] and 
references therein.! 

The present chapter is devoted to the 2-loop analysis of the path inte- 
gral formula for the kernel defined by the quantization of ( |3.1|) . It is shown 
that indeed the path integral used in the derivation of the index formula 
corresponds to the Hamiltonian given by (|3.3| ). This serves as an impor- 
tant consistency check for the supersymmetric proof of the index theorem 
presented in Chapter [|. The curvature term in the Hamiltonian that was 
derived in Section |2.2| via operator methods, arises from the fermionic sector. 
This chapter displays the astonishing fact that in the path integral derivation 
it arises purely from the bosonic sector.! 

In Section |3.2| , the loop expansion is reviewed and the relevant 2-loop 
terms for the system of (|3.1|) are identified. In Sections |3]3] and p~4| , the 
2-loop calculations are presented for the spin (k = a = 0) and twisted spin 
(k = 1) cases, respectively. 

Again the Latin indices label rfs, the indices from the first and the second 
halves of the Greek alphabet label ip's and x's, respectively @. The following 
conventional choices are also made: 

h = l , p:=t" , and t' = . 



3.2 The Loop Expansion 

Let $ l denote the coordinate (field) variables of a superclassical system. 
Then, if the Lagrangian is quadratic in $'s, one has 1211 §5]: 

K($", t"W , t') := (&',t"\&,t') = Z /* '* e lSm (sdetG + m)-^ . (3.8) 

J$',t' 

2 In (3?]] it is shown that for the purely bosonic system whose Hamiltonian does not 
include the curvature factor, the short time and the WKB limit of the path integral does 
not coincide. This implies that there are examples for which the first term in the loop 
expansion is different from the first term in the heat kernel expansion. As it will be 
explicitly shown, the supersymmetric systems studied in this dissertation are not among 
these examples. 

3 This is a virtue of supersymmetry. One must keep in mind that one cannot extend the 
results of the analysis of a supersymmetric system to a purely bosonic or purely fermionic 
system by simply reducing the supersymmetric system to its bosonic and fermionic parts. 
This would clearly destroy the supersymmetry. 

4 ip , s are labelled by 7, 5, e, 6, r\. 
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In the loop expansion of ( |3.8| ), one expands $ around the classical paths $o- 
Defining by: 

$(t)=:$ o (t)+0(t), 

one obtains: 

K(&',t"\&,t') = Z(sdetG+)^e iSo Je^'' So ^ 3 {l+ (3.9) 
+&S , m <^W - ±S 0>ijk S 0Mn 0W + 

~l4 ( 6l So,ijkSo,lmn Gq™" 1 + 62 5'o,mraG ( j" rem •S'ojfc/) (j) 1 (j) k (fP (j? + 

where, 

£1 := (_l) m ('+ 1 )+' n ? e2 ;— (_]\m(i+l)+in^ anc [ 6 g j(i+l)+m(m)+fc+Jn _ 

The subscript "0" indicates that the corresponding quantity is evaluated at 
the classical path, e.g. G 13 := (j +y '[$o]. Finally, "• ■ •" are 3 and higher loop 
order terms. 

To evaluate the right hand side of ( |3.9[ ), one needs to perform the following 
functional Gaussian integrals: 



ejf.so^^y^ = _ ic ( sdetG yG kl (3.10) 
f e i fiM^tfjrpVQ = {-i) 2 c{sdetG)^ (G H G mn ± permu.) 
f el^i.So^fyi^n^q^ = (_if c ( s detG)^ (G kl G mn G pq ±pevmu.) . 

In ( CTD , "G" is the Feynman propagator, "permu." are terms obtained 
by some permutations of the indices of the previous term, "±" depends on 
the "parity" of 0's appearing on the left hand side, and "c" is a possibly 
infinite constant of functional integration. The functional integrals in ( |3.8| ) 
and ( |3.10|) are taken over all paths with fixed end points: 

cf)" ■= (f)(t") = and (f)' := <j)(t') = . 
This justifies the appearence of G in ( |3.10| ). 
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One must realize that the terms in square bracket in ( |3.9| ) originate from 
the expansion of (sdetG + )~2 in Q3.8Q . For the system under consideration 



( |3.1| ), it was shown in Section ^]3| that 

sdet(G + ) = 1 for: x" = x'. (3.11) 



This simplifies the computations of Sections |3.3| and considerably. In 
view of (|3.11|) , the square bracket in ( |3.9| ) drops and ( |3.9|) reduces to: 

K = K WKB {l-J l S , m (G lk G ji ±ipevmn.)+ (3.12) 
+^ S , ijk S 0)lmn (G nm G lk & 1 ± permu.) +■■•}, 

where, 

K W kb ■= Zce iSo (sdetG)^ (3.13) 



is the "WKB" approximation of the kernel. In Sections |3.3| and [3.4| , the 
terms: 

/ := S 0>ijkl (G lk G ji ± permu.) (3.14) 
J ■= S 0t ij k So,i m n (G nrn G lk G^ ± permu.' 



are computed explicitly. They correspond to the following Feynman dia- 
grams: 

J = 00 and J=0. 

3.3 2-Loop Calculations for the Case: n = 

For k = a = 0, the dynamical equations ( |2.12j ) are solved by ( |2.74j ): 



xo(t) = x , 4> (t) = i[) . (3.15) 

As in Chapter |^, all the computations will be performed in a normal coor- 
dinate system centered at xq. Since K and -Kwkb in (|3.12|) have the same 
tensorial properties, the curly bracket in ( |3.12|) must be a scalar. This justi- 
fies the use of the normal coordinates. 
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The Feynman propagator was computed in Section |2.4j : 

f (e^*-® - 1)(1 - e-**) 

6{t ~ t] K(e*P - 1) 
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(3.16) 



G wS ' = G 1 ^ = 
G 15 ' = igfW-t')-6{t'-t)] 



where, 

The 
below: 



(3.17) 
(3.18) 

(3.19) 



functional derivatives of the action which appear in ( |3.14|) are listed 



So,ttt'p" 

Sq^ttt'e" 
So,T~f'e" 
So,ttt'p"k'" 



K 



T7T,p 



pit - a 



5(t - t") + K pT ^ 5{t - t') [pit - t") 



— iRoriryelfto 



{ 90ttt,pk 



at 1 
= 



'8. S (t - f )] S(t - t") + iT 0eyT ^ 5(t - t') [pit - t") 



-2T 



5{t - t")5(t - t"')+ 
■9or PlK , S(t - t') [^5(t - t")] 5(t - t">) + 

-90r K ,n P S(t ~ t')5{t - t") [g,6(t - t'")] } i + 

pit - 1')] [p{t - 1")\ - n+ 



(3.20) 



-2T 0rp ^ Sit - t') [pit - t")] [pit - t">] 



+ 



-2r ™, p [p(t - 1')} sit - 1") [pit - if")] } 2 + 
{n T ^ pK [pit - 1>)\ sit - t")sit - 1"')+ 
+n Tp , K7T sit - tf) [pit - 1")] sn - f) + 



+11 



s(t-ns(t-n [pit-tf")]} 3 + 

{iiv , JT vu, P ^2r [Pit - o] sit - t")sit - 1'")+ 
+i(r OM7T r^) )K7r Vo 7 V'o s(t - if) [pit - 1")] sit - 1»>) + 
+i(r QwT rg^), wp ^o s(t - mt - 1") [pit - tf")] } 
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So,T7r'e"7" 



p(t - t') 8{t - t")5(t - t'") + 



+tT 0eJTi7T 5(t - t') ^S(t-t" 





59t - 1'") + 



iTojer,* S(t - t')5(t - t") \§- t 5(t - t' 1 



where the indices are placed on some of the curly brackets for identifica- 
tion purposes. So )T7r y/ e »/ and S^reW' are orm tted because, as will be seen 
shortly, they do not contribute to Q3.14j ). 

In view of ( |3.17| ), one needs to consider only the following terms: 



h 



S 



II ^^r-l O.HI 



jn ,ji 



G T7T G p K + G Tp G w K + G TK G 



TV p 



<J<->0,T7r'p"ft"' ( ~ T <J 

re" 7 

qt-k' Qp"p"' Qv w a v 



h 


'■= 'S'cttt 


t "Y» 


Jl 


:= 5(),T7r 




J-2 


'■= S() t TTr 


e" Si 



G r,' G eW" 



(3.21) 



where, 

/ = Jl + 6/ 2 . (3.22) 
Here, 6 is a combinatorial factor and J is a linear combination of J\ and J2. 

Calculation of I\ and I2 

Let us denote by I\, a the terms in I\ which correspond to { } a in So iT7T >p" K ">, 
with a = 1, 2, 3, 4. The computation of Ji. Q is in order. One has: 

J1.1 := 3 J dt dt' ( -g Tir, P K 



dt 2 



^ Jo ^ (y~ 9 ° T P' KT > 

3 dt dt'" (^-g TK,7T 

—3 / dt ([gom,pn + 2(7o7tp,tk] G pK I 
J 

3 f ' dt{R^ TpK G p *I™) 
Jo 



5(t - 1") 



d 2 



G T7T G pK J + 
G TW G p " K ^j + 
G rn G pK '" ) 



(3.23) 



. 
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In O), 



P 



dt' 







dt 



^5{t-t')G 



and the third and forth equalities are established using |38|, p. 

90pu,ar 3 (Ro/ictvt Rouap,r) j 



and 

Next, we compute: 



P rP 



P 



(3.24) 

(3.25) 
(3.26) 



h.2 ■= -Qr 0rwPtK J o dtJ Q dt'J o dt"{[p(t-t')\§- t [5(t-t")]G^G pK ) + 

\S(t-t') ^[5{t-t"')]G^G p " K "') + 



OrpK,TT 



P rP 

dt / dt" I dt'" 
o Jo Jo 

P rP 



a 

Wt' 



-6r talP | dtj o dt'J o dt"'([p(t-t')]-§- t [5(t-t"')}G^'G pK "') 

(3.27) 



i2rQ T7r p K 



d 



dt [a¥ G " 



t'=t 



—G P " K 
dt" 



+ 



t"=t/ 



P 



dt G 



tit d 2 (;/■"'"' 



o 



t"=t"'=t/ 



dt"dt"' 

To evaluate the right hand side of ( |3.27| ), one needs the following relations: 

■l + e np_ 2e Kt 



dt" 



2 



dt'dt 



G Kp 



t"=t 



t'=t 



d 

QpK,' 

dt' 



.1 K/J, 
2^0 



t'=t 



2^0 



TZ/3) 



l- e KP 



K{l + e 



(3.28) 
(3.29) 



and |38|, p. 55]: 

^0tttp,k = 3 {Rqtttpk 4" Rotpttk) ■ (3.30) 

Equations (|3.28|) and (|3.29|) are obtained by differentiating ( |3.16|) , using sym- 
metries of 1Z and: 

9(0) := \ . (3.31) 
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Combinning equations ( |3 . 2 7| ) - ( |3T3Q| ) and using ( |3.16| ), one obtains: 



II. 2 — (Rornpn + Rqtpkk) 



ft 



dt gl 



TTf-t 



1 + e KP _ 2e Kt 



J p 



1 + e itP _ 2e nt 



(Rorpnir Rornpir) ^ 

p ( \ e KP _ e nt _ e -n{t-p) _|_ i 



+ (3.32) 



dt gl 1 



K(l - e 



TZ{\ + e 
1 -e 7 ^ 



To identify the terms in (|3.32|) which are linear in (3, one may recall that for 
every integral 

1(13):= f^dtfiM, 
Jo 

with an analytic integrand in both t and f3, the linear term in j3 is given by: 







dp 



f3=0 



(3 = f([3 = 0,t = 0)p. 



(3.33) 



Thus, one needs to examine the integrands in (|3.32|) . This leads to 

h.2 = (iW + Rorpir.) 9o T 9o K P + 0(f3 2 ) = Ro(3 + 0(P 2 ) , (3.34) 

where, Ro is the Ricci scalar curvature evaluated at Xq. 
Next step is to compute: 



t"=t 



+ 



li s '■— 3(lZ T7TiPK Jq dt G pK ^tG T7T + lZ T p,KTv Jq dt G T7T -^jtG p k 
t? rP M n 1 "* _§_r i P K '" \ 

>^TK,irpJo ULKj Qtf" t"'=t) ' 

This is done by using ( |3.28| ) and ( |3.33|) . The result is: 

h.s = 0(P 2 ) . (3.35) 
The computation of J1.4 is similar. Again, one obtains: 

Jx.4 = 0(P 2 ) . (3.36) 



50 



This completes the calculation of I\. Combinning ( |3.23| ), ( |3.34| ), ( |3.35| ), and 
( |3.36|) , one has: 

h = R p + 0{f3 2 ) . (3.37) 

The computation of J 2 is straightforward. Substituting ( |3.18| ) and ( |3.2C| ) 
in ( p.21| ), one has: 

/ 2 = [ dt f dd I dt" f dt"'{x T7r ^(t,t',t",t"')y T ^ e (t,t',t",t"')] , 

Jo Jo Jo Jo 

where, 



X 



iR 



OrTVye 



p(t - t')} 5(t - t")6(t - t'") + 



y 



+ir 0el T,*${t ~ t') [P{t ~ t")\ 5{t ~ t'") + 

-tT ^ n 5(t - t')5(t - t") [p(t - tf") 

-lG™'g^[e(t»-t>»)-e(t"'-t»)). 



Since X is antisymmetric in (7 <-» e) and 3^ is symmetric in (7 <-> e), I2 
vanishes. This together with (|3.22| ) and Q3.37Q lead to: 

I = R {3 + 0({3 2 ) . (3.38) 



Calculation of J\ and J2 

Substituting ( |3.20|) in ( |3.21| ) and peforming the integrations which involve 
5-functions, one obtains: 



rP rP ( d 

h = J Q dt y o dt'" [K^pU^ —G™ 



d_ 

dt* 
t'=t UL 



d 

1 -p <r> rrr 

rP rP 



d_ 

t'=t UL 



G" 



G v a 

t m =t v =t"' 



G Pfl + 



t™=t v =t'" 







dt w 
t"=t UL 

d 



G T7T + 



(3.39) 



t™=t v =t'" 



t"=t 



dt v 



QV a '(T L 



G 1 



tf»=t v =t'" 



J dtj dt"' {n r ^ p {n ma + K vlx , a ) [••■]+ K^iK^ + Tl v ^) [■■•]) 
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In ( |3.39| ), the second equality is obtained by rearranging the indices and 
using ( 3.28|) . The terms [• ■ •] involve G's and their time derivatives. The last 
equality is established using the antisymmetry of 7Z: 



K 



-K 



VfJ, 



(3.40) 



The computation of J2 is a little more involved. Carrying out the inte- 
grations involving 5-f unctions, one can write J2 in the following form: 



^2.a , 

a=l 



(3.41) 



where, 



^2.1 



2.2 



J; 



2.3 



J- 



2.1 



dt 



_d_ 

dt* 



P Id 



t'=t 



dt 



( d 



t'=t 



d 

-^—G n 

dt v 



t v =t" 



^Ropvrrf{RoeSTTT + ^Oer<57r)V , oV , Q X 

_d_ 



dt I dt 







dt" 



G 1 



§ [(RoeSm + RotT8n)(Ro-yri^u + Ro-ynrju)] IpQlpQ X 



V»=t"' 



P fP 

dt / dt'" I G r7r G M " 



<9 2 



St 1 ' <9t" 



t"=t,t v =t"' 



(3.42) 



(3.43) 



(3.44) 



(3.45) 



In (ggD-(ggD, use has been made of ( pop . 

Consider the integrals (:= / /) in (|3.42 ). //is symmetric under the 
exchange of the pairs (t,tc) <->• The term V'oV'o i s antisymmetric in 

8 7). Thus, the term (R.R) is antisymmetrized in e <-> 7. However, 
according to ( |3.18| ), G n involves g^ 1 which is symmetric in e <-> 7. This 
makes J2.1 vanish. Furthermore, using (|3.33|) one finds out that J2.2 and J2.3 
are at least of order (3 2 . //in ( |3.45| ) is symmetric under r «-> 7r, // 



and (/i, z/) <-> (r, 7r). This allows only the term i?o er s-kRojmv to survive in 
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the square bracket in ( |3.45| ). Moreover, this term is symmetrized in (/i, u) «-> 
(r, 7r), or alternatively in (e, 8) <-> (7,77). Since 'i/'o'^'o i s antisymmetric in 
5^r], the surviving term which is multiplied by / / can be antisymmetrized 
in e <-> 7. However, due to ( |3.18| ) / / is symmetric in these indices. Hence, 
J2.4 vanishes too. 

This concludes the computation of the 2-loop terms in the case k = a = 
0. Combinning (|3l2|) , (|T|), fl3~22l) , (]3738D , (g3g ), and ( TO) , one finally 
obtains: 

^ = ^wkb {l - jgRoP + 0(P 2 )} . (3.46) 



3.4 2-Loop Calculations for the Case: k = 1 

First, the following special case will be considered: 

K := (x, ip, rf = 0|x, ip, r] = 0) . (3.47) 
The dynamical equations ( j2.12| ), are solved by ( j2.112j ): 



x (t) 


= x 




= ^0 


Vo(t) 


= 




= . 



1 

7p 



(3.48) 



Following Section |2.5| , one chooses a normal coordinate system centered at 
x . 

The Feynman propagator is given by: 

/ G** \ 

G^' 

G ac *' 

\ G a * c ' J 



(G lf ) 



(3.49) 



where and G 75 ' are given by (|3.16|) and (|3.18|) , respectively. Equa- 
tions (tTTT8D provide the remaining components of the Feynman propagator: 



G ac * 

G a*c> 



iJ(F+$ lnx»)(t-f) 
i(^* + §l„xn)(*-*') 



2 C 



[0(i - i') - 0(f - t)] 
[6(t - t') - 6{t' - t)} . 



(3.50) 
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Here, 



T = [T 



-ah 



,71 
; I J 



and l nxn is the n x n unit matrix. 

The functional derivatives of the action which enter into the computation 
of I and J, ( p.!4|) , are listed below i: 



So.TTT'f" 

So,T7r'e" 
Sq^'O" 
So jT n'£"p"' 
So,TTT'y'e'" 

So, 

So,tj'c 
S _ T n'r." 

So,Ta'c*" 
So,ej'c" 
S,ec'd" 

So,ec'd*" 
So,Tir'£"c'" 

So,Tn'Y'c'" 
S.Tw'r."d"' 



So. 



TTT'Z"\ K=a=0 



So,- 

= So t e-y>6"5'" 
So,Tn'£"p"' 

So- 



n=a=0 



ttt'c" 
>c!< 
,Ta'c" 



s 



0,m'c* h 



O.T-y'c* ' 



= 
= 5, 
= S .» 
F?5(t-i!)5(t-e) 

= S> d ^ 

F tV^-*'W-O 



5, 



0,T7r'c"d* 









5, 

5. 



0,t-k'£"c* 



0,Tir'~f"c* ' 



dc 
Otit 



iA^ S(t - t% [S(t - t")5{t - t>»)\ + T% S(t - t')5(t - t")5(t 



7JI { 
ti\d 



S(t - t') 5(t - t")5(t - t'") + 



dc 



So )T -i'e"c'" — — S, 



0,r7'e"c* 



s, 



0,T7'c"d* 



s, 



0,e7'c"d*'' 



F % tT 5(t-t')5(t-t")6(t-t"') 
F^5(t-t')5(t-t")5(t-t"') . 



3.51) 
3.52) 
3.53) 
3.54) 
3.55) 
3.56) 
3.57) 
3.58) 
3.59) 
3.60) 
3.61) 
3.62) 
3.63) 
3.64) 
3.65) 

3.66) 

t'") 

3.67) 

3.68) 

3.69) 



Here. 



consideration. 



's are placed to indicate that the special case of ( p.47| ) is under 



5 The other terms are obtained from this list using the rules of changing the order of 
differentiation. 
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Equations ( |3.51| )-( |335| ), indicate that the 2-loop contributions due to 
the terms which involve only the Greek indices are the same as the case of 
k = a = 0, i.e. these terms contribute a factor of to the kernel. 

Consequently, it is sufficient to show that the remaining 2-loop terms vanish. 



Computation of the Terms of Type / 



In view of ( |3.49|) and (|3.51| )- (|3.69| ), the following terms must be considered: 



YT7r' 'd* 



h ■= b 0,m'c"d*"' G G 

/ II,* 1 " 
j q s~iey s~ic a 

2 •- ^0,e7'c"d*"' U U 

Performing the integration overs (^-functions, one has: 



h 



< s ( a d 



G^ + 



(3.70) 
(3.71) 

(3.72) 



t=t> 



® nc "d* 



+ 



t"=t 



_d_ 

dt" 



G 



cd* 



t"'=t 



+ F%G™G 



cd* 



The first and the last terms in the integrand of ( |3.72|) vanish because accord- 
ing to ( p30|) : 

G cd *' = . (3.73) 



G 



cd* 



t'=t 



Moreover, one has: 



d_ 

dt 1 



G 



eld* 



i8{0)5 



cd 



t'=t 



d_ 

dt' 



G 



cd* 



(3.74) 



t'=t 



Thus, the remaining terms cancel and one obtains: 

h = . 



The computation of I2 is quite simple. Substituting (|3.18|) , (|3.50| ), ( |3.69|) in 
(|3.71|) and using (|3.73|), one finds: 



dt(F dc n G e ^G cd *) = . 



(3.75) 



The other terms of type / which involve Latin indices are proportional to l\ 
or I 2 and hence vanish. 
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Computation of the Terms of Type J 



There are six different terms of type J which must be considered. These are: 



Jx ■■- 

~h :-- 

■h ■- 

h ■-- 

J 6 ■-- 



dO,Tir'£"JO,K'"c w d* v Or Or Or 

q q rim' Vre'V" r<c w d* v 

*J0,T7r'e" *->0,y'" c w d* v Or l_r l_r 

^ta'b*" nc w d* v 



■>0,Tir'£">->0,K'"c™d 
',7 

^0,Ta'b*" >Joy"c w d* v Or (_r Or 

c d riT-K 1 " r<a'd* v rtc^b*" 

do,Tab*' l= '0,ir'"c , "<i* v Or Or <_j 

q c /~f 67"' /~ia'b* /^ic w d* v 

^O^a'b*" , -'0,7 / "c K '(^* l, Or Lx Lx 

r> o /~iey'" /~ia' d* v /~ic™b* 

^0,ea'b*" ^0,l"'c w d* v Or Or Or 



The following relations are useful in the computation of J's. Using ( 3.73|) , 
one has: 



O r^c 1 d* 

^0,KC>d*" U 



dc sicd* 







^o, 7 c'd*" G cd - Fq^I G cd - . 



Equations ( |3.76|) and ( p.77|) lead immidiately to: 



J a = for : a = 1, 2, 3, 5 . 



(3.76) 
(3.77) 

(3.78) 



It remains to calculate J4 and J§. In view of ( |3.59| ) and ( |3.62| ), one has: 

j 4 = f dt f dt'" G T7T "'G ad *'" G c "' b * 

' Jo Jo 

J 6 = F&F&VM ^dt^dt"'G^"G ad *'"G c " ,b \ (3.80) 



(3.79) 



Using (|3.33| ) and examining the integrands in ( |3.79|) and (|3.80| ), one finally 
arrives at: 

J a = 0(f3 2 ) for: a = 4,6. (3.81) 

This concludes the 2- loop calculations for the special case of ( |3.48j ). For 
this case the kernel is given by: 



K = K 



WKB 



21 



RoP + 0(P' 



(3.82) 
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In the rest of this section, it is shown that the same conclusion is reached 
even for the general case where 77 7^ 7^ 77*, i.e. for 

K := (x,if),7)*\x,il),r]) . 

In the general case, the dynamical equations ( |2.12| ) are solved by (|2.107| ), 
0, and 



x (t) = x + O(p) 

Vo(t) = 0(1) 
<{t) = 0(1). 



(3.83) 



It is easy to check that the terms in S^.-.'s which involve r/'s or r/*'s, and 
thus survive in the general case, are all of higher order in f3 than the terms 
considered above. Therefore, the contribution of these terms are of order (3 2 
or higher. For instance, 



So- 



where, 



is given by (|3.51|), and 



S< 



J T7Tp 



1 ab 



0,Tir'p" 



O.ttt'p" 



0(P~ 



cd 



+ i«, T - A c %)^xY V c Yo + F,r. P VoV d o\ 6(t - t')5(t - t") + 
+i(A^ T - A QT , p ),J(t - t')^ [6{t - t")} 
= 0(/3- 3 )- 

To determine the order of the terms in f3, one proceeds as in Section 
namely one makes the following change of time variable: 

t 







G [0, 1] • 



(3.84) 
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For example, one has: 



/r 2 J^O - »') = o(/3- 



The terms for which the above argument might not apply are those that 
vanish identically in the special case of ( p.48|) but survive otherwise. These 
are: 



■h 
■h 
J, 
Jio 
Jn 



dO,T-K'c"dO£"'p™d* v Or Or Or 

c c r^Tt'" rm' P ™ r<c"d* v 

dO,TTr'c"dO,£'"p w d* v Or Or Or 

a q rim'" nc"d* v 

'JQ,TYc" l=> Qy"e w d* v Or Or Or 

c c ri^i ri&'" d w n c" d* v 

J0,ey'c"O0 t S'"e w d* v Or Or Or 

c c r<e8"' r^i'd™ nc"d* v 

^>0,ey'c"^0,8'"e' v d* v Or Or Or 



However, one can easily show that the contribution of these terms to the 
kernel is of the order j3 2 . The following relations are useful: 





= o(/r 3 ) 






= o(/H) 






= o(r 2 ) 


= S 0,eYc*" 


G T7T ' 


= 0(0) 




G 7e ' 


= 0(1) = 


G cd *' . 



Furthermore, each integral: 



f dt--- = (3 f 1 ds- 
Jo Jo 



contributes a factor of f3. Putting all this together, one finds out that 
Jfi ' " ' > J\\ are an °f order (3 2 . 

This concludes the 2-loop calculations for the general case of ( |3.83| ). The 
final result is: 



K = K 



WKB 



21 



R l3 + O(f3 2 ) 



(3.85) 
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3.5 Remarks and Discussion 



Equation ( 3.85|) verifies the existence of the scalar curvature factor in the 



Hamiltonian and provides a consistency check for the supersymmetric proof 
of the Atiyah-Singer index theorem presented in Chapter |2|. I It is remarkable 
that in the operator formulation the scalar curvature factor originates from 
the supercommutation relations involving the fermionic variables whereas in 
the path integral formulation it appears in the bosonic sector. 

It must be emphasized that the 2-loop term in ( |3.85| ) does not contribute 



to the index formula (|2.131|) . This is simply because the ^-integrations in 
(|2.103[) eliminate such a term. 



6 After the completion of the present work, the author was informed of an article by 
Peeters and van Nieuwenhuizen [ p9[ whose results confirm the existence of the curvature 
factor in the Hamiltonian. 
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Chapter 4 
Conclusion 



The Peierls quantization scheme provides a systematic procedure for quan- 
tizing superclassical systems. Supersymmetry results in remarkable simpli- 
fications in the path integral evaluation of the kernel. In particular, the 
miraculous simplifications that occur in the computation of the path inte- 
gral measure are due to supersymmetry. The WKB approximation for the 
path integral yields the index formula exactly. The supersymmetric proof 
of the index theorem is based on the assumption that the ordinary Gaus- 
sian integral formula holds even in the functional integral case. This can be 
viewed as a definition of the Gaussian superdeterminant. The existence of a 
rigorous supersymmetric proof of a substantial mathematical result such as 
the index theorem, is another indication of the validity and the power of the 
path integral techniques. It is particularly remarkable to observe that even 
the normalization constants agree with those chosen by mathematicians. 

The scalar curvature factor in the Schrodinger equation yields a factor 
of —iR/3/24 in the heat kernel expansion of the path integral. The loop 
expansion provides an independent test of the validity of this assertion. In 
particular, this factor is obtained in the two-loop order. Thus, it is shown 
that indeed the path integral used in the derivation of the index formula 
corresponds to the Hamiltonian defined by the twisted Dirac operator. 
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Appendix A 



A Brief Review of Index 
Theory 



Abstract 

The mathematical concepts related to the index theory are intro- 
duced. The Atiyah-Singer index theorem is presented and its rela- 
tion to K-theory is briefly discussed. The heat kernel proof of the 
index theorem is also outlined. The latter is closely related to the 
supersymmetric proofs of the index theorem. 



A.l Complex of Hermitian Bundles 

Let M be a Riemannian manifold of dimension m. M is said to be closed if 
it is compact and has no boundary. A complex vector bundle V on M, [§], 
is said to be a hermitian bundle if it is endowed with a (fibre) metric and 
a compatible connection. The word compatible means that the covariant 
derivative of the metric vanishes. Let {<pi (x)} be a set of local basic sections 
over an open neighborhood O C M. Then, every section s of V is locally 
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expressed by: 

s(x) = s l (x) <fi(x) ; i = 1, • • • , n ; Wx G O . 

Here n denotes the fibre dimension of V and s l (x) are the local components 
of s in the basis {ifii(x)}. Furthermore, let h denote the hermitian metric on 
V. It can be locally determined by the (n x n) dimensional matrix (hij(x)) 
of its components, i.e., 

h =: h ij (x)ip t (x)f J (x) , 

where {(p l (x)} is the dual basis to {<^j(x)} §. h defines a hermitian inner 
product on V. For any pair of sections s\ and s 2 of V, their inner product is 
given by 

(si, s 2 ) := / si* Or) h i:j (x) s 3 2 (x) dfl , 
Jm 

where dVL is the volume form of M. For a more detailed discussion of hermi- 



tian bundles, refer to [40, 22 



Let Vo, Vi, ■ • • , \4 be a sequence of hermitian vector bundles over M. The 
vector space of smooth (C°°) sections of V{ is denoted by C°°(Vi). Let 

Di : C°° (Vi) — ► C°° (V i+1 ) , z = 0,-..,fc-l 

be arbitrary differential operators. Then, the sequence 

C : C°° (Yq) C°° (Vi) (V fe ) (A.l) 

is said to be a complex if 

im(Di) C ker(D i+ i) , Vi = 0, • • • , — 2 , 

or alternatively 

%oA = 0. 

Here, the symbols zm and fcer stand for image and kernel, respectively. The 
sequence C is said to be exact if 

im(Di) = ker(D i+1 ) . 

Clearly, any exact sequence is a complex. 



1 The bases {ifii(x)} and {ip l (x)} are the analogs of the local frames {e M (x)} and 
{e ,J, (x)} of the Riemannian geometry. Persuing this analogy, one has the correspondence 
between V and the tangent bundle TM, and h = (hij(x)) and the Riemannian metric 
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A. 2 Symbol of a Differential Operator 



Let V+ and V- be two hermitain vector bundles of fibre dimension n + and 
n_ and 

D : C°° (V+) — ► C°° (V-) 

be a differential operator. Let us choose a local coordinate patch and denote 
its points by their coordinates, x = The operator D can be locally 

expressed in the form 

d 

D = y £a.K"H(x)Dr 1 ...D n + a(x) , x = {x») (A.2) 
1=1 

where /i's take values in 1, • • • , m = dim(M), D^s are defined by 

, d 

and a M1 "' w 's and a are (n_ X n + ) dimensional matrix- valued functions of x^. 
The integer d is called the order of D. For example a first order differential 
operator is locally represented by 

DW-a^j^ + a^). (A.3) 

It is easy to verify that only the coefficients (a Atl "' Atd ) of the highest order part 
of a differential operator have tensorial properties. This is quite straightfor- 
ward to see in the case of a first order operator (|A.3|) . The symbol of D is 
obtained by taking the highest order part of D and viewing it as a homoge- 
neous polynomial in D^s. For convenience, one often changes the notation 

Because of the obvious transformation property of D^s under coordinate 
transformations, one can actually view ^'s as the coordinates of some point 
£ in the cotangent space TM* at x. Then (x, £) denote the points of the 
cotangent bundle TM* of M. The symbol of D is locally given by 

a D (x,O:=a^0rK m ---£ Md . (A.4) 

As <7d transforms tensorially it can be globally defined on TM*. 
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On the other hand, since D is a linear operator, o~d(x,£) is a linear 
transformation (homomorphism) of the vector spaces: 

<Td{x,£) : V +x — > V- x ■ 

Here V± x denote the fibres of V± over x. Globally, the symbol of D defines 
the following mapping: 

a D : TM* — > End(V + , VJ) , (A.5) 

where End(V + ,V-) denotes the set of all fibrewise linear maps from V + to 
VL. 

The operator D is said to be an elliptic operator if for all x G M and 
all nonzero £ G TM* the linear map ( |A.4j ) defined by the symbol is an 
isomorphism. If D is an elliptic operator, its symbol defines a map 

o D : TM* -M — ► Iso(V+, V.) . (A.6) 

In ( [A.6p ) I have used the canonical identification of the zero section of TM* 
with M. The symbol Iso(V + , VJ) denotes the subset of End(V + , VJ) consist- 
ing of the fibrewise bijective (one-to-one and onto) maps. In particular, if 
there is an elliptic operator between two hermitian bundles they must have 
the same fibre dimension. 



A. 3 Adjoint of a Differential Operator 



Let D be an arbitrary differential operator as given locally by ( |A.2| ). The 
adjoint of D is a differential operator 

D f : — ► C°°{V + ) (A.7) 

of the same order. Let s± be arbitrary sections of V±, then D< is defined by 
the following expression: 

s_,Ds + )J!]=: / (D f s_ ,s + ) + dn , (A.8) 

M ' JM 

where (. , .)± are the hermitian inner products on V± defined by their hermi- 
tian metrices, and ciO denotes the volume form of the manifold M. It is easy 
to see that the adjoint operator depends not only on the original operator 
D, but also on the geometric structures of the base manifold and the vector 
bundles. 
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A. 4 Elliptic Complexes and Their Indices 



Let C be a complex of k + 1 hermitian vector bundles as in ( |A.1| ) and denote 
the symbols of the differential operators Di by <Ji(x, £). Then, if for all x G M 
and all £ G TM* — {0} the sequence 

- In, ^ r,, ^ • • ■ V kx n > (A.9) 



is exact, the complex C is called an elliptic complex. Note that in ( |A.9| ), the 



symbols are viewed as linear maps between vector spaces, and the exactness 
means that 

Imai(x^) = Ker cr i+1 (x,£) . 
In particular for k — 1, there is a single differential operator D := D 

d : ^ C°°(V Q ) C 00 ^) — >0. (A.10) 
The sequence defined by the symbol, in this case, is 

0^V 0x aD -h O V lx ^0. (A.ll) 

If the complex C\ is elliptic, then the sequence ( |A.11| ) is exact. This implies 
that for all x G M and f G TM* -0, Kera D (x,£) = {0} and Ima D (x,^) = 
Ker (0-map) = V\ x . The former condition means that the symbol map is 
one-to-one and the latter indicates that it is onto. Thus, the map cr D (x,^) is 
bijective and D is an elliptic operator. In this sense the concept of "elliptic 
complex" is a generalization of the concept of "elliptic operator" . I will show 
that indeed for any elliptic complex there is an elliptic operator that carries 
all the topological information and as far as the index problem is concerned 
one can restrict to the short elliptic complexes ( |A.10| ), i.e., elliptic operators. 

Let us consider a linear operator P : 7i + — > where H± are vector 
spaces. The kernel and the cokernel of P are defined respectively by: 

ker(P) := {v + G H+ : P(v + ) = } 
coker(P) := Ti,-/im(P) . 

If the dimensions of 7i± are not finite, then the kernel and the cokernel of P 
might not be finite dimensional. The operators whose kernel and cokernel are 
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finite dimensional are called Fredholm operators. For a Fredholm operator, 
one defines its analytic index by 



index(P) := dim(ker P) — dim(coker P) . 

For the case of differential operators which act on the sections of hermitian 
vector bundles, the spaces TC± correspond to the spaces of sections C°°(V±). 
These are clearly infinite dimensional. However, one can show that elliptic 
operators are Fredholm operators [27] and their analytic index is a finite 
integer. I shall denote the analytic index of an elliptic operator D, by "index" . 
The index theorem gives a formula to compute this quantity in terms of the 
geometric structures of the spaces involved and the symbol of the operator 
(i.e., the coefficients of the highest order part of D). Furthermore, it is not 
difficult to show that 

coker(D) = ker(D^) . 

Thus, one has 

index(D) := dim(ker D) — dim(ker D*) . (A. 12) 

The concept of the index of an elliptic operator can be generalized to 
elliptic complexes. The index of an elliptic complex C: 

C : C°°(V ) C°%Vi) • • - ^ C°°(V k D -^° (A. 13) 
is defined by 

k 

index(C) := £(-1)' dim{ker D t / 7mA-i) • (A. 14) 

1=0 

Incidentally, the vector spaces 

Ht(C) := fcer(A)/*m(A-i) 

are called the l-th cohomology of the complex. Let us also define the Lapla- 
dan's of the complex: 

A, := A-iA-i + D \ D i ■ — ' • (A.15) 
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The index can be conveniently expressed in terms of the Laplacians: 



index(C) = ^(-l)'dim(A;er A,) . (A.16) 



1=0 



For a short elliptic complex ( A.lOj) , i.e. k = 1, the expression for the 
index (|A.14f) becomes: 

index(Ci) := dimiker D Q / Im -D_i) — dim(ker Di/ Im D ) 
= dim(ker D) - dim (C°°{Vi) /im D) 
= dimiker D) — dim(coker D) =: index (D) , (A. 17) 

where in accordance with ( |A.10| ), Do is identified with D. Thus, the concept 
of the index of an elliptic complex is a generalization of the (analytic) index 
of an elliptic operator. 

Next, I will proceed in the opposite direction, namely I will show that the 
computation of the index of a (long) elliptic complex can be reduced to that 
of a short complex. In view of ( |A.17| ), the latter is equivalent to the index 
problem for an elliptic operator. 



A. 5 Rolling up a Complex 



Consider the complex C of ( |A.13| ). One can construct an associated short 
complex C\ such that C and C\ have the same index. To show this, one starts 
with taking the direct sums of VJ's in ( |A.13| ) to define 

o + := C°°(0V 2 ,) 

n- := c°°(0y 2Z+1 ), 



where / = 0, 1, • ■ 
Next, one defines 



and [z\ denotes the largest integer part of z 6 M. 
— ► Q_ and D_ : Q_ — ► Q . 



by requiring that 



\C°°(V t ) 



if I is odd 
D[ if / is even 



(A.18) 
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D 

In fact, these define D± over 



j Di if Z is odd 
: ~ I if Z is even 



n ■= n + © . 

Hence, one can view them as oprators from Q to itself. Also, one defines: 

d:= D + + D_ : ft — ► . 
The following identities follow trivially from ( |A.18| ): 

D\ = D 2 _ = D ] + = D ]2 = (A. 19) 



D + Dl = D_D ] + = D\D_ = D ] _D + = 
it 



where D± and D± are viewed as operators defined on Q. The Laplacian of d 
is given by: 

A := dd ] + d ] d 

= (D ] + D + + D-DV) + (plD- + D + D ] + ) (A.20) 

Let us denote the terms in the the right hand side of ( |A.20| ) by A±, i.e., 

A+ := D{D + + D_Dl 

D + + Dl) ] (D + + Dl) (A.21) 



A_ := D ] _D_ + D + D\ 

'D+ + DL) (d + + D ] _) ] . (A.22) 



In ( |A.21| ) and ( |A.22| ), use has been made of the identities listed in ( |A.19| ). 



Equations ( |A.21|) and ( |A.22j ) suggest the definition of 

D := D + + Dl : Q. — ► O . 

D is determined by its restriction to Vt + : 

D:= D : fi+ — ► . 
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In terms of D, A± are written conveniently in the form: 

A + = D ] D and A_ = DD t . (A.23) 

Another important observation is that A± are related to the Laplacians A;, 
([A. 15 ), of the complex C according to the following folmulea 

[k/2] [k/2] 

A + = ]T and A_ = £ A 2/+1 . (A.24) 

1=0 1=0 

Let us consider the short complex defined by D 

& : o ^ n + — ► . 

The opertor D is by construction an elliptic differential operator. This can 
be infered using ( |A.24|) and realizing that since A; are elliptic operators, so 
are A±. In view of ( |A.2o] ), the ellipticity of A± is a sufficient condition for 
the ellipticity of D and D\ f2| . 

One can directly check that indeed D and have finite dimensional 
kernels. To see this, one first shows that 

ker(D) = ker(A + ) and ker(D ] ) = ker(A_) . (A.25) 

To prove the first equaltity, one chooses an arbitrary element s + of ker(A + ), 
i.e., 

D*D(8 + ) = A + ( S+ ) = . 

Then, using the definition of the adjoint of a differential operator one shows 
that 

= ( s+ , D ] D s + ) + = (D s + , D . (A.26) 

Since the inner product (metric) induced i on is positive definite, ( |A.26| ) 
implies that D s + vanishes, i.e., s + G ker(D). Thus, ker(A + ) C ker(D). 
The converse of the latter relation is trivially correct. This completes the 
proof of the claim that 

ker(D) = ker(A + ) . 

The proof of the other identity uses the same argument. Now, in view of 
( |A~24D and the fact that ker(Ai) are finite dimensional, one observes that 



2 The hermitian metrices on V\ induce hermitian metrices on their direct products. 
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ker(A±) have also finite dimensions. This together with ( |A.25| ) indicate that 
both D and have finite dimensional kernels. 
The analytic index of C% is given by 

index(Ci) = index(D) = dim(ker D) — dim(ker D*) . (A. 27) 

It is quite easy to employ the results derived in the preceding paragraph to 
prove that 

index (C) = index(Ci) = index(D) . (A. 28) 

One has the following list of identities: 

index(C\) := dim{ker D) — dim{ker D*) 

= dim(ker A + ) — dimiker A_) 

= dimiker A 2 z) — V] dim(ker A 2 ;+i) 
i i 

= y^( — l) l dim(ker A{) = index (C) . 
i 

Before ending this section, let us also consider the extension of D and 
to whole Q, namely D and Fft: 

n n 
a n. 



In view of ( |A.19 ), one has the following obvious equalities 



b 2 = D% + D ]2 + D + Dl + DlD+ = 
OP = D 2 _ + D ]2 + D-D+ + D ] + D_ = . (A.29) 

Moreover, the total Laplacian can be expressed as 

A = A+ + A_ = (b + D^Y . (A.30) 



Equations ( [A. 29 ) and ( [A. 3D ) are used in Appendix [B] in the discussion of 



the relation between the index theorem and the supersymmetric quantum 
mechanics. 
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A. 6 Symbol Bundle 



The index of an elliptic operator depends not only on the operator but also 
on the spaces on which it acts. This is easily seen by recalling the definition 
of the adjoint operator. Thus, the index formula is expected to involve the 
coefficients of the operator as well as the geometric quantities associeted 
with the bundles and their base manifold. It is practical to encode all these 
information in a single geometric (topological) construction and then try 
to use its characteristic properties to obtain the index. In this way, one 
does not need to deal with both the operator and the vector bundles at the 
same time. The space that carries all the necessary information is called the 
symbol bundle. It is a vector bundle over a base manifold which is itself a 
fibre bundle. This section is devoted to the description of the symbol bundle 
associated to an arbitrary short elliptic complex. Certainlly, one can apply 
the same construction to long elliptic complexes by first rolling them up. 
Let 

c : c°°(v + ) c°°(y_) 

be a short elliptc complex. The unit ball bundle B(M) and the unit sphere 
bundle S(M) associated with the cotangent bundle TM* of the base manifold 
are defined by 

B(M) := {z = (x,£)eTM* : |£| < 1} 

S(M) := {z = (x,£) E TM* : |£| = 1} =: dB(M) . (A.31) 

B(M) and S(M) are indeed fibre bundles over M. They will be simply denoted 
by B and S. Let us take two copies of B and label them as B ± . These are 
fibre bundles 

B ± (A.32) 

of fibre dimension m. Next, let us glue the fibres B+ and B~ along their 
boundries, i.e., identify the points of their boundaries. The boundaries are 
unit spheres sitting inside the cotangent space TM*, Vx G M. Let us denote 
the single bundary that is obtained in this way by S x . Clearly, the collection 
of all S x leads to a description of the sphere bundle S. The object obtained 
by gluing B ± in this manner is denoted by 

E(M) = B + U s B- , 
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or simply E. This is also a fibre bundle over M: 



E M . (A.33) 

The (total) space E as a manifold will play the role of the base space of the 
symbol bundle. By its construction E depends solely on M. 

Next step is to incorporate some information about the bundles V±. This 
is realized by viewing B as seperate submanifolds of E and pulling back the 
vector bundles V± on B using the obvious projection maps 7r ± of ( A.32Q . 
This is demonstrated by the following commutative diagram: 



± 



I O I (A.34) 
B ± M. 



7r ± *(V±) are pullback bundles on .B^. To obtain a fibre bundle over E, one 
needs to somehow identify the fibres along the boundaries of B . To clarify 
what the last sentence means, let us consider an arbitrary point z = (x,£) 
in E. Either z belongs to S, i.e., the common boundary of B ± or it belongs 
to their interior. In the latter case the fibre over z is uniquely defined to 
be V x+ or depending on whether z belongs to B + or B~ , respectively. 
In the case where z is in S = dB ± , there are two different choics of fibers, 
namely V x ±. To obtain a well-defind fibre bundle structure on E, one needs 
to identify these two fibres. The identification can introduce 'topological 
twists' and thus effects the topology of the bundle in a crucial manner. This 
is precisely the way one introduces the information about the operator in the 
construction. 

To begin describing this in detail, let us recall the mathematical meaning 
of the word 'identification'. If the two spaces which are to be identified 
have only the structure of point sets, their identification means that there 
is a one-to-one and onto map that takes the points of the first space to the 
other. If the two spaces have further structures one would like to also obtain a 
corrspondence between these structures, e.g., for vector spaces one would like 
to also identify their linear structure. Thus, two vector spaces are identified 
with a bijection which also preserve the linear (vector space) structures. Such 
a map is called an isomorphism. Therefore, for each z G S, one needs an 
isomorphism between the two vector spaces V x ±. This is precisely what the 
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symbol o~d, ( |A.6| ), of the elliptic operator D provides. Note that by definition 
( A. 31 ), for all z = (x, £) G S, |£| = 1. This means that as an element of 
TM*, £ is nonzero. Consequently, since D is an elliptic operator, the symbol 



*d(z) : V +x — V. x , Vz = (x,£)eS 

is an isomorphism. The construction of the symbol bundle is then completed 
by using the symbol o~d of D to uniquely define the fibres over 5cE. The 
symbol bundle, which is denoted by a, is a vector bundle of fibre dimension 
n over the space E, 

a — > E . (A.35) 

We will see that it carries all the necessary information about the index of D 
(C). In particular, the index depends on the coefficients of the highest order 
part of the operator. 



A. 7 Characteristic Classes 

In this section, I shall review the basic definitions of some of the charactristic 
classes of vector bundles that appear in the statement of the index theorem. 



For a more detailed survey of characteristic classes see fl7|, 

Let V be a complex hermitian vector bundle over the closed Rimannian 
manifold M. Let A and F denote the connection one-form and the curvature 
two-form of V, respectively. F is a two-form with values in the Lie algebra of 
the structure group of V. Since V has a hermitian structure, one can assume, 
without loss of generality, that the structure group of V is U(n) [0. Then, 
in a basis of the Lie algebra of U(n), F can be exprssed as an antihermitian 
matrix. This makes it diagonalizable. The eigenvalues of F define a set of 
basic characteristic classes which are called the Chern roots of V and denoted 
by Xi, i — 1, • • • , n. These are by definition differential two-forms on M. One 
has 

F = diag(—2nixi, ■ • ■ , — 2mx n ) . 

The Chern classes H of V are symmetric polynomials of the Chern roots. 
They are defined by 



X j 
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Cz(V) := $>*A 



i<j 



c n (V) := Xi A x 2 A • ■ • A x n . 
The sum of the Chern classes is called the total Chern class. It is given by 

n 

c(V) := Cl + --- + c n = Y[{l+Xi) . 

The total Chern class has the following property 

c(Vi © 7 2 ) = c(Vj) A c(V 2 ) , (A.36) 

where V\ and V2 are hermitian vector bundles and © denotes their direct 
sum H, . Another interesting characteristic class associated with a complex 
hermitian bundle V is the Chern character, ch(V). It is defined by 



z h{V) := ]T e Xi = n + c x + |(c? - 2c 2 ) + 



i=l 



The Chern character has the following important properties 

ch{V l ®V 2 ) = chiyd + ch(V 2 ) 
ch(V! © V 2 ) = chiyx) A ch(V 2 ) , 



(A.37) 



where © denotes the tensor product [||, 0] of two vector bundles. These 



properties have important implications for the index theorem, |27] . Another 
useful characteristic class of a complex vector bundle is the Todd class 



td{ y^ ■= n = 1 + + + c?) + • 



(A.38) 



The Todd class of the direct sum of two vector bundles is the product of their 
Todd classes. In this respect, the Todd class is similar to the total Chern 



class (|A.36|) . 

All these characteristic classes can be expressed in terms of the traces (de- 
terminants) of the (wedge) products of the curvature two-form. For example, 
one has 



c(V) 
ch(V) 



det 
tr 



— 

Z7T 

iF 
exp — 
2vr 



(A.39) 
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There are also the characteristic classes which are associated with sym- 
metric vector bundles. A symmetric vector bundle is a real vector bundles 
which is endowed with a symmetric positive definite metric and a compatible 
connection. Briefly, symmetric bundles are the real analogs of the hermitian 
bundles. Undoubtedly, the most well-known examples of symmetric vec- 
tor bundles are the tengent bundle TM and its dual the cotangent bundle 
TM* of a Riemannian manifold M. The structure group of a symmetric 
vector bundle can be chosen to be 0(n). Thus, in this case the curvature 
two-form Q is an antisymmetric matrix of differential two-forms. It can be 
block-diagonalized 



Q = diag 



Qi 

-a o 



i, 



• n 



(A.40) 



The analogs of the Chern roots are defined by 

r { : = 2-nQi , 

and the analogs of the Chern classes are the symmetric polynomials of r\: 

pi(v) ■= E^ 2 

i 

P2(V) := ErfArl 

i<j 

p n (V) := rlA---Ar 2 n . 

These are called the Pontrijagin classes. Once more, one can define the total 
Pontrijagin class and other polynomial combinations of pj's. Some of the 
more famous examples of these are Herzebruch's signature density: 



L:=]J 



^anhM^ 1 + ^ + ^ 2 -^ ) + 



(A.41) 



and Dime's A-genus density: 



t\ sinh(r l /2) 



(A.42) 
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In fact, the Pontrijagin classes of a real vector bundle are related to the Chern 
classes of its complexification, namely 

Pi (V) = (-l) l c 2l (V <g> C) . 

Unlike the Chern classes q that are 2z-forms, the Pontrijagin classes Pi are 
4i- forms. Thus, if the dimension of M is less than four all the Pontrijagin 
classes vanish. 



A. 8 The Atiyah-Singer Index Theorem 

Let C : C°°(V + ) — C°°iyJ) be an elliptic complex and a — > X be the symbol 
bundle ( |A.35| ) of D. Then, the topological index of C (alternatively of D) is 
defined by 

index 10 ?' (D) := J ch (a) A n* [td (TM* <g> €)} , (A.43) 

where n* denotes the pullback operation defind by the projection map 7r : 
X — > M, of (|A.33|) , and ch and td stand for the corresponding Chern char- 



acter and Todd class ( [A.37TJAT38D , respectively. 



The Atiyah-Singer index theorem states that the analytic index ([A.li ) 



and the topological index ( \A.43j ) are identical. In other words, it provides a 
formula for the analytic index which is given by (|A.43|) . The latter statement 
is more illuminating since the motivation for defining the topological index is 
precisely to give a closed expression for the analytic index in terms of some 
differential geometric quantities. 

There are alternative expressions for the topological index which are al- 
most as equally complicated as (|A.43| ) ||25| . However, in particular cases 
the expression for the topological index may be simplified. There are four 
so called classical complexes whose indices give important topological infor- 
mation about the associated structures. These are the de Rham, signature, 
spin, and Dolbeault complexes. They are discussed extensively in the most of 
the text books on the index theorem, A rather complete survey is 

provided in [0]. In the following section, I will review the index theorem for 
the de Rham complex. It has all the ingrediants of a general elliptic complex. 
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A. 9 The de Rham Complex and the Euler- 
Poincare Characteristic 



Let M be a closed, oriented smooth manifold of dimension m. The de Rham 
complex is the long elliptic complex: 

CdeRham : — A Ai • ■ ■ A m , (A.44) 

where A* are the spaces of z-th differential forms. The bundles Vi of (|A.1| ) 
are, in this case, the i-the wedge products of the cotangent bundle, i.e., 

Vi := TM* A • ■ ■ A TM* , 
j-times 

and the operators Di are the restrictions of the exterior derivative operator 
d to the z-th forms. Rolling up C, one obtains the following short complex: 

r ■ a d+d t a 

^dR ■ 1 v even 1 y odd j 

where d* is the adjoint of d p|, 0|. 

The expression for the topological index of C^r can be simplified as de- 
scribed in []25| . The index is called the Euler-Poincare characteristic of M. 
The statement of the index theorem for the de Rham complex reads: 

index(C dR )= [ e (TM*) . (A.45) 
Jm 

Here e(TM*) denotes the so called Euler class of TM*. This is another 
characteristic class of a real vector bundle. It is an m-differential form on 
M whose coefficient is determined by the Riemann curvature tensor of M, 

For m = 2, M is a Riemann surface and the Riemann curvature tensor is 
determined by the Gaussian curvature K. In this case, ( |A.45|) reduces to 

index(C dR ) = ± / K ds =: x , (A.46) 

where ds is the surface (volume) element of M. Equation ( A.46 ) is a classical 
result of the differential geometry of surfaces. It is known as the Gauss- 
Bonnet theorem. A remarkable fact about the Riemann surfaces is that 

X = 2 - 2<7 , 



77 



where g is the genus, i.e., the number of handles of M. Thus, Riemann 
surfaces are classified by their Euler-Poincare characteristic. 

Euler-Poincare characteristic is also related to the zeros of the global 
sections of TM which have a discrete number of zeros. This is known as 
Pincare-Hopf theorem, || Part II p. 321]. Sections of TM are usually called 
vector fields on M. A zero of a vector field s is a point of M at which s 
vanishes. For instance if there exists a nowhere vanishing vector field on M 
then the Euler-Poincare characteristic must be zero. Thus the vanishing of 
this topological invariant is a necessary condition for the existence of nowhere 
zero vector fields. A simple application of this is the fact that the only two- 
dimensional surface that supports nowhere zero vector fields is the torus. 
This is one of the main reasons why toroidal geometries are so commonly 
encountered in areas such as plasma physics. 



A. 10 Spin Bundle and Spin Complex 

Let E be an inner product space with an orthonormal basis {e^}. The Clifford 
algebra C(E) of E is generated by e« according to the Clifford multiplication 
rule © ^ g, 0: 

{Ci, Cj} = Ci * Cj + Cj * Ci 

= -2(ei,ej) 

where * and ( , ) denote the Clifford multiplication and the inner product, 
respectively. As a vector space the Clifford algebra C(E) can be decomposed 
into the following subspaces 

C{E)=C + {E)®C-{E) 

where 

(*(E) := Span{ eil * ■ ■ ■ * e ip } with ± = (-l) p . 

In fact, C + (E) forms a Clifford subalgebra of C(E). 

Let us assume that E is even dimensional, dim(E) = m = 21, and denote 
by t : C(E) — > C(E) the operation of transposition: 

(cji * • ■ • * ej p ) := Ci v * ■ ■ ■ 6j a . 
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Furthermore, let {vf\ be a set of unit vectors in E. Then the subset 



Spin(m) := {w = V\ * ■ ■ ■ * V2 P : p < 1} , 

of C + (E) forms a group under Clifford multiplication. The inverse of each 
element is given by its transpose. Clearly, w * w f = 1. 
Spin(m) acts on C(E) by conjugation 



x p(w)(x) := w * x * w l . 

This action of Spin(m) on IR m = E C C(E) may be used to show that 
indeed there is a two-to-one canonical homomorphism from Spin(m) onto 
So(m), i.e., Spin(m) is a double cover of So(m), ||. On the other hand, 
C(E)®C provides a2 l x2 l dimensional complex representation p of Spin(m). 
This decomposes into 2 l copies of a more basic representation, S, which itself 
consists of two 2 l ~ 1 dimensional irreducible representations < S =I= , P5L I2BI, 



The representations S and < S =I= are called the spinor and chirality ± spinor 
representations. Briefly one has 

C(H m ) = 2' 5 

S ± := 5n(C ± (M m )®C 



Let M be an oriented compact Riemannian manifold of dimension m. For 
all x G M, one can use i£ = TM* to construct the associated Clifford algebra 
C{TM*). These may be viewed as the fibres of a global bundle structure 
over M which is called the Clifford bundle of M. The transition functions of 
this bundle are induced from those of TM*, so the structure group is again 
SO(m). However, we know that there is a (fibrewise transitive) action of 
Spin(m) on such a vector bundle. Thus, it is interesting to construct another 
bundle structure on the same set of points whose structure group is Spin(m) 
rather than So(m). This is done by lifting the transition functions of the 
Clifford bundle from So(m) to Spin(m). The associated principal bundle to 
this new construction (if it exists) is called the spin bundle, S. The existence 
of such a structure depends on the topology of M and it is detected by yet 



3 In fact, p may be used as a representation of the Clifford algebra C(E); then S is an 
irrducible representation of this algebra. It is, however, reducible as a representation of 
Spin(m), p5|. 
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another characteristic class of TM* called the second Stiefel- Whitney class, 

main. 

Let us consider the associated So{m) principal bundle to TM* , the coframe 
bundle coframe(M). The transition functions of S are lifted from those of 
coframe(M) via the canoniacal homomorphism from Spin(m) onto So(m). 
If the transition functions can be consistently defined then the manifold is 
called a spin manifold, [^5], 0, |26fl . The associated vector bundles to S de- 
fined by the spinor representations of Spin(m) are of utmost importance in 
physics. In particuler, their sections are the so called spinors which are often 
used to represent the matter fields of physical theories. For further details, 
see [§, Part II p. 134] and references therein. 

The spin and the twisted spin complexes are described in Chapter [!]. For 
completeness I shall briefly recall the expression for the twisted spin complex. 
It is given by 

-> C co (S + ® V) ® V) , (A.47) 

where V is a hermitian vector bundle over M and cfy is the twisted Dirac op- 
ertor. For more details see Chapter |l]and the references cited there. ( |A.47| ) is 
indeed a family of elliptic complexes which are parametrized by the auxiliary 
bundle V. It turns out that for any elliptic complex (operator) there exists 
an auxiliary bundle V such that the indices of the original complex and the 
twisted spin complex defined by V are equal. This is a substantial result 
for it reduces the proof of the index theorem to that of the twisted Dirac 
complex. The body of knowledge leading to this result is called K-theory. I 
shall briefly outline the utility of K-theory in relation to the index theorem 
in the next section. 



A. 11 K-Theory and the Index Theorem 

Let Vec(X) be the set of all complex vector bundles over a manifold X. 
Vec(X) forms an abelian semigroup under the operation of direct (Whitney) 
sum, [p^, |26|, 0, |27| . The abelian semigroup (Vec(X),(B) is not a group 
because there is no consistent way of defining the inverse of a vector bundle 
with respect to ©. 

Interestingly, the situation is in perfect analogy with the set of non- 
negative integers, Z + , and the operation of addition. Clearly, ( Z + , +) 
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is an abelian semigroup which is not a group because the negative integers 
are not included in ZZ + . There is however a very simple but rather clever 
way of defining the negative integers from /Z + which generalizes to any 
abelian semigroup. The construction is as follows. 

Let us consider the set of all pairs of non-negative integers 

Z ■■= {(p,q) : % + } • 

and define an equivalence relation ~ on Z: 

ipuQi) ~ (Pa, Q2) 
if and only if there exist an r e Zj + such that 



Pi + <?2 + r = p 2 + qi + r . 

In the last equality one cannot simply cross out r on the both sides as one 
usually does since there is still no notion of "— r" defined for Zj + . The 
quotient set Z := Z/ ~ is the set of all integers, where Z + can be viewed 
as the subset of pairs with the second entry being zero. The negative numbers 
are those with the first entry being zero. In fact one usually uses the following 
familiar notation: 

(p, q) =:p-q ■ 

This simple but general construction can be applied for Vec(X) to con- 
struct a group structure. Again one considers the set of pairs of vector 
bundles 

: E ± eVec(X)}, 

and considers the (quotient) set of equivalence classes of the following equiv- 
alence relation: 

~(F + ,F_) 

if and only if there is a U £ Vec(X) such that 

E + © F_ © U = F + © E_ © U . 

Here = denots the isomorphism of the vector bundles. The quotient set 
K(X) has the structure of an abelian group. It is known as Grothendieck's 
K-group. [p7 , [25| , |26| |30|. There is another representation of K(X) which 



makes it quite useful in the index theory. 
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Let h : E + — > EL be a homomorphism of vector bundles over X. If there 
is a compact region in X outside of which h is an isomorphism then the 
triplet 

k : E+^E_ (A.48) 

is said to have a compact support and the compact region is called the support 
of the triplet. Two triplets are said to be equivalent if they are homotopic, 
p7fl • The following is a definition of the concept of homotopy for the triplets 
of the form ( |A.48j ). Let k and k' be two such triplets with k given by ( |A.48| ) 
and k' by 

k' ■ e\^Ue'_. 

Then, k and k! are said to be homotopic if there exists a triplet 

K : £+ £- , 

where £± are vector bundles over the manifold X x [0, 1] such that the re- 
strictions of K, to X x {0} and X x {1} yield k and k', respectively. Next, 
let us define the following two sets 

C(X) := the set of compactly supported triplets 
Cq(X) := the set of triplets with empty support . 



Evidently, C (X) C C(X). Then one can prove, |25|, |7]], that C(X)-C (X) 
and K(x) are in one-to-one correspondence. The Whitney sum © can be also 
trivially extended on this set. Thus one obtains an alternative representation 
of the K-group. In this representation it can be manifestly seen that the K- 
group is sensitive to the homotopic properties of X. 

The other advantage of the second representation is in relation to the 
index problem. Let M be a closed Riemannian manifold and V± be two 
hermitian vector bundles on M. Let 

D : C co {V + ) — > , 

be an elliptic operator with symbol ( |A.4j ) 

o-d(x,0 ■ V +x — > V- x . 

The projection map tt of the cotengent bundle 

7T : TM* — ► M 
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can be used to pullback the bundles V± on TM* and the symbol map ( |A.6| ) 
gives rise to the following triplet 

7T*(V + ) ^7T*(V_) . (A.49) 

By definition of ellipticity o~d{%, is an isomorphism for all £ 7^ 0. Thus <td 
of ( |A.49| ) fails to be an isomorphism only on the zero section of the cotangent 
bundle. The latter is canoniacally diffeomorphic to M. Since M is compact 
and nonempty, a D G C(TM*) - C (TM*) = K(TM*). 

As is argued in the preceding sections the index depends on the symbol 
of the operator. In fact, it is a map of the form 

index : K(TM*) — ► 7Z . 

This means that it depends on the equivalence (homotopy) class of the sym- 
bol. In other words, one may calculate the index of a given elliptic operator 
by using any of the elements within the same equivalence class in K(TM*). 
Incidentally, one can show that K(TM*) and K(M) are indeed isomorphic, 



On the other hand, one can show, |26|, £7|, ^(J, that within every equiv- 



alence class of K(M) there is a twisted spin complex (triplet). This is to 
say that for any elliptic operator one can choose the auxiliary bundle V of 
the twisted spin complex such that its index equals to that of the original 
operator. In this sense, a proof of the twisted spin index theorem leads to 
a proof of the general index theorem. This is the strategy used in the su- 
persymmetric proofs of the index theorem as well as the original cobordism 



proof, p0| , and the heat kernel proof, p6| . The latter is quite relevant to 
the supersymmetric proofs of the index theorem. Hence, the next section is 
devoted to a brief review of the heat kernel proof. 

A. 12 A Sketch of the Heat Kernel Proof 

There are four different proofs of the index theorem. These are 
1. Cobordism proof, f24| ; 



2. Embedding proof, |25[] 
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3. Heat kernel proof, f22|, |2§, |27|, |8 

4. Supersymmetric proofs 0. 

All of these proofs have a common feature, namely they use K-theory to 
arrive at the index formula. In this section, I shall briefly introduce the main 
idea behind the heat kernel proof. 

Let D : C°%V + ) C°°(y_) be an elliptic operator and A± be the 
corresponding Laplacians as in eq. ( |A.23| ). Furthermore, let us define the 
eigenspaces of A± by 

It := {s E C°°(V ± ) : A±s = As} . (A.50) 

Then one has the following theorem. 

Theorem(Hodge): For all A G Spec(A + ) D 1R, T^" is finite dimensional 
and the space of square integrable sections of V + , L 2 (V + ), has the following 
decomposition 

l 2 {v + ) = © A r+ . 

Furthermore, for all positive A 6 E, A > 

n = r A , (A.5i) 

where = denotes the isomorphism of vector spaces. 
According to eq. ( |A.25| ), the zero eigenspaces are 

T+ =: Ker(A + ) = Ker(D) (A.52) 
T =: Ker(A_) = Ker(D ] ) . 

Thus using eqs. ([A.51Q and ( |A.52|) , one has the identities: 

index(D) = dimiT^ ) — dim{TQ ) 

= £ e ~ iA [dim(Yt) - dim(Yl) 

A 

= h t (A + ) - ht(AJ) , (A.53) 
where t is some complex parameter with positive real part and 

h t (A ± ) :=J2e- tX dim(Tf) . (A.54) 



'See chapter 2 for details and references. 
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One can show, |27|, that there are differential forms /ig over M such that 



h t (A ± ) 



Thus the index is given by 



index(D) 



M 



(W 



Ho) 



(A.55) 



In the heat kernel proof of the index theorem one tries to obtain the integrand 
of eq. ( |A.55| ) in terms of the coefficients of the operator D, the curvature 2- 
forms of V±, and the Riemann curvature tensor of M. This can be achieved 
for classical elliptic complexes and in particular for the twisted signature 
complex, |2(| |25], [26|, |7|, |27], |30| . This is a short complex with the same 
K-theoretic properties as the twisted spin complex. In fact, for each twisted 
spin complex there is an associated twisted signature complex and vice versa, 
such that their indices are equal 



44 



The computation of this integrand for 
arbitrary elliptic complexes turned out to be extremely difficult and has been 
an open problem since late sixties, 



22 



The name heat kernel is attached to this method because one can write 
fif of eq. (|A.54j) in terms of the kernel of the heat equation. Let us consider 
the operator 



H 



-tA-i 



if t + satisfies the heat equation 



d 



H+ = l 



Evidently, 

ht(A+) =tr(e-* A +) =tr(H+) . 
Moreover, one can represent by its kernel H^(x,y): 



Then one has 



(H+(sj) (x) =: J H t (x,y)s(y)dn. 
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The same applies for A_ . Hence, the knowledge of the heat equation can be 
used to yield a derivation of the index formula for classical elliptic complexes 
directly and the general elliptic complexes indirectly, |22], 

The supersymmetric proofs of the index theorem benefit from the argu- 
ments presented above. The advantage of these proofs is that one can use the 
analogy between the heat equation and the Schrodinger equation to employ 
the path integral technique in the evaluation of the index density, fif — fa . 
There are two main reasons that make the supersymmetric proofs so effec- 
tive. Firstly, in these proofs one avoides the computation of fa and fa 
seperately and calculates their difference directly. Secondly, since the index 
is a continuous function onto integers, it is independent of the parameter t. 
Thus, one can simply perform the computations in the limit t — > 0. Thus 
the WKB approximation for the path integral is indeed exact. This simplfies 
the calculations a great deal. 
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Appendix B 



A Brief Review of 
Supersymmetric Quantum 
Mechanics 



Abstract 

A review of Witten's supersymmetric quantum mechanics is pre- 
sented. The Witten index in defined and its topological invariance 
is shown. A general supersymmetric proof of the index theorem is 
outlined. The holomorphic or coherent state representation is briefly 
discussed and the supernumbers and Berezin integration are intro- 
duced. 



B.l Witten's Definition of Supersymmetric 
Quantum Mechanics 

Consider a quantum mechanical system consisting of a Hilbert (Fock) space 
T and the Hamiltonian H. This system is said to be a supersymmetric 
quantum mechanical (SUSYQM) system if 
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1. T consists of two subspaces JF + and JF_ and there is an operator (— l)f 

r 1 2 

with (— 1)^ = 1, such that 

(-1)/ [#] = ±tf if f g J= ± . 

f and (— l)-* are called the fermion number operator and the chirality 
operator. The quantum states represented by the elements of T+ and 
T- are called the bosonic and the fermionic states, respectively. 

2. There are N operators Q 1 , / = 1, • • • , iV, such that 

Q'(jr ± ) = ^ 

Q /f (^±) = ^ (B.l) 

{(-i^Q 7 } = {(-i)',^} = o. 

The operators Q are called the (nonhermitian) supersymmetry (SUSY) 
charges or generators. 

3. The SUSY generators satisfy the following general superalgebra condi- 
tions: 

{Q J ,Q J t} = 2 <5 /J # (B.2) 
{Q J ,Q J \ = {Q 7t ,Q Jt } = 0, (B.3) 
where I, J — 1, - ■ • ,N. These equations can also be written in the form 

H = \{Q I Q I] + Q Ij Q T ) (B.4) 
(Q 1 ) 2 = (Q /f ) 2 = ' (B-5) 

for all I = 1, • • • , N. 

A quantum system that satisfies these conditions is said to have a type N 
supersymmetry. We can also define (2N) hermitian SUSY charges simply by 



Qi := % (O, 1 - Ct) 



(B.6) 
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Equations 
result is: 



where J, J = 1, 



and 



can be written in terms of Q^, with a = 1, 2. The 

(B.7) 



[Ql Qi) = 25 a p5 IJ H , 
■N and a,/3 =1, 2. Alternatively, one has 

h=(q[) 2 = (q[ " 

{QlQ J 2 } = 



VJ = 1,---,JV 
V/, J =!,-••, N. 



(B.8) 



In a SUSYQM system the SUSY charges (and their adjoints) map the 
bosonic state vectors to the fermionic state vectors and vice versa, hence 
the name Super symmetry. It turns out that there are many quantum sys- 
tems that display this type of supersymmetry [32|. For such systems the 
knowledge of supersymmetry allows for a great deal of simplifications. In 
fact, there are purely algebraic methods to obtain the energy spectrum of 
these systems, e.g., |[45|| . For more details see and references therein. A 



classification of some SUSYQM systems is provided in [46]. The extension 
to field theory is discussed in H7L [48], [49 . 



B.2 Degeneracy of Energy Levels 

According to ( B.8|) , for all / = 1, • ■ ■ , N, one has 



Qi,H 



. 



Hence H and Q[ have simtultaneous eigenstates. If we denote the eigenvec- 
tors by \E,qi), we have 



H\qi,E) = E\q u E) 
Q{\ qi ,E) = q[\ qi ,E). 

Moreover, since H = (Q[) 2 

E = (q{) 2 . 

Thus we can simplify the notation by setting q\ :■ 
write ( |B.9| ) and ( |B.1U| ) in the following form 

H \qi) = qf\qi) 
Q{\qi) = Ql\qi) ■ 



(B.9) 
(B.10) 



Qi, \Qi) ■= \Qi,E), and 

(B.H) 
(B.12) 
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Let us choose J G {1, . . . , N} arbitrarily and consider 

\q 2 ) :=Ql\qx) . (B.13) 

Then, it is easy to show that 

Q[\q 2 ) = Q[Q J 2 \ qi ) 

= -QiQ[\qi) (B.14) 

= -giQalei) 
= -<b\<h) , 



where in the second, third, and fourth equalities use has been made of 
( P.12| ), and (P.13j ). Equation ( P-14|) indicates that \q 2 ) is also an eigenstate 



vector of Q[. We have 

Q'M = -qM (B.15) 

n\<h) = (QiYln) = q 2 M . (B.ie) 

Equations (pill) , flBl^) , (pl5| ), and ([B16D indicate that both and |g 2 ) 
are energy eigenstate vectors. Since [Q[, Q 2 ] do not commute for all possible 
/ and J, then 

\qi) 4 \q-il for qi ^ ^ q 2 . 

Thus, the energy eigenstates are doubly degenerate unless the energy eigen- 
value equals zero. In fact, since H is the square of some hermitian operators 
its spectrum is nonnegative. Therefore, if the ground state has positive en- 
ergy, then all the energy eigenstates are doubly degenerate. Furthermore, 
according to equations ( p.l| ) and ( |B.13[ ) the two state vectors |gi) and | ^2) 



have opposite chiralities, i.e., if is a bosonic (positive chirality) state vec- 
tor, \q 2 ) will be a fermionic (negative chirality) state vector and vice versa. 
\qi) and \q 2 ) are called superpartners associated with the energy eigenvalue 
E = qf. 



B.3 Spontaneous Supersymmetry Breaking 
and the Witten Index 

If the ground state of a SUSYQM system has positive energy, then the super- 
symmetry is said to be spontaneously brokenB If, on the other hand, there 

lr This is applied for other types of symmetry as well. 
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exist some state vector (s) |0) such that 

^|0) = (^) 2 |0) = o 

then the super symmetry is said to be unbroken or exact, j32f . 

A simple way of determinig whether a SUSYQM system is spontaneously 
broken is to compare the number of bosonic (n&) and fermionic states (n,f). If 
the SUSY is broken then all the energy states have positive energy and thus 
there must be equal number of bosonic and fermionic states (superpartners), 
i.e., the difference 

indexy/ := n b — nf (B.17) 

vanishes. The number index^j is called the Witten index of the SUSYQM 
system. If index^ 7^ then the supersymmetry is definitely exact. Obvi- 
ously, the numbers n.{, and nf are in general infinite whereas their difference 
remains finite.^ In fact, due to supersymmetry, 



indexw = n^o — n /,o 



(B.18) 



where n b0 and n/^ are the numbers of (linearly independent) bosonic and 
fermionic zero energy eigenstate vectors, respectively. 

A practicle way of computing indexyj is through the following set of 
identities: 



index 



w 



tr 
tr 
str 



-if3H 



(B.19) 



where tr and str stand for trace and supertrace [[Hj], (3 is a complex parameter 
with negative imaginary part. The operator exp(—i(3H) plays the role of a 
"regulator" for the trace. Note that, its insertion in the second equality does 
not influence the result. It can contribute when the trace is taken over the 
nonzero energy eigenstates, but these are doubly degenerate and the contri- 
bution of the fermionic states cancels the contribution of the bosonic states 
(due to the presence of (—1)^.) Incidentally, the right hand side of ( [B.19| ) has 
a well-known path integral representation. See and Sections [2.2| and ^]3| 
for further details. 



2 I assume that the the ground state is not infinitely degerenerate. 
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Probably, the most important hint that suggests the relevance of indexyj 
to the index theorem of mathematics is its "topological invariance." Let us 
suppose that the Hamiltonian of a SUSYQM system undergoes a continuous 
deformation such that the SUSY remains intact. I In this case, some of the 
ground states may be lifted to higher energies and vice versa. However, due 
to supersymmetry the excited states can only exist in pairs. This requires 
indexw to remain fixed while the total degree of degeneracy of the ground 
state changes. To make contact with topology, one can imagine a SUSYQM 
Hamiltonian that depends on the geometric quantities of a differentiable 
manifold or a fibre bundle. Under a smooth deformation of the geometric 
structure, i.e., under a diffeomorphism, the Witten index remains unchanged, 
so in this sense it is a topological invariant of the manifold or the bundle. 



B.4 Witten Index as the Index of an Elliptic 
Operator 

Consider an N = 1 SUSYQM system and represent the elements of the Fock 
space by 

-(::)■ 

where *f>± e T±. Then the operator Qi can be represented by the matrix 

* = ( °D D ) ■ < a20 > 
for some operator D : JF + — > .@ The Hamiltonian is then given by 

" = « - ( T D# ) • (B.2D 



Let us also introduce 



H+ := D ] D :T+ — ► T+ 
H_ := DD ] :T_ — ► T_ . 



3 This can be achieved by changing the coefficients of different terms in the Hamiltonian 
in an appropriate fashion. 

4 The adjoint operator D* maps T~ into T+. 
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Evidently the kernels of H± are the subspaces of the zero energy eigenspace. 
We have 



dim[ker(H + )] = n bfl (B.22) 
dim[ker(H^)] = n ffi . (B.23) 

On the other hand, one can easily show that 

ker(H + ) = ker\D ] D) = ker(D) (B.24) 
ker(H_) = ker(DD^) = ker(D^) . (B.25) 

Clearly, ker(H + ) C ker(D), so to prove ( |B.24j ), one must show ker(D) C 
ker(H + ). To see the latter, let |^+) G ker(H + ) be an arbitrary element. 
Then, #+|* + ) = 0, so 

= (q + \H + \ty + ) = (V + \DiD\V + ) =|| .01^+) || . 

This is sufficient to show that D\^> + ) = 0, i.e., \& + G ker(D), and so 
ker(H + ) C ker(D). The proof of ( |B.25| ) is similar. 

Equations flO^ ), ( BID , and (gj| )-(gjD imply that 

indexy? = ker(D) — ker(D^) = index(D) . (B.26) 

The last equation describes the relation between the SUSYQM and the 
Atiyah-Singer index theorem. For general index problem, however, one first 
starts with a given elliptic operator D : C°°(V+) — ► C°°(VL). i Thus, in 
priciple, a direct supersymmetric proof of the index theorem involves the 
following two steps: 

1. Construct a SUSYQM system whose bosonic and fermionic Fock sub- 
spaces T± are identified with (the completions of) the spaces of sections 
C°°(V±) of V± and whose supersymmetric charge Qi is related to the 
elliptic operator as described above. 

2. Use the path integral representation of the supertrace of the evolution 
operator (|B.19|) to compute the index. 



^See Appendix |A| for a discussion of the index theorem. 
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There are further similarities between the constructions of Appendix [A| 
and those encountered here. Following Appendix A. 5 , let us extend the 
operator D of (jBgCT) to 



d : T 



T 



by defining 



d 




:= D 


d 




:= 


s 




:= 




F+ 




s 


T- 


:= £>t 



Then, we have the trivial identity 

In terms of d and eft , the Hamiltonian is written in the form 

H = d ] d + deft . 

This suggests that the operators d is related to the non-hermitian supersym- 
metric charge Q. In fact, we have 



d 



1 

71 



Q + Q 



Then, 



H 



Consequently, we recover the familiar equation 
H = H + + H_ 

Qi = 



Q*Q) 



T- 



d + d^ = Qt) 
a/2 
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that were labelled ( |B.4| ) and ( |B.6| ), respectively. 

A simple comparision of the quantities defined here with those of Ap- 
pendix [A.5| , suggests the following additional identifications: 

= J- , Vl± = ZF± , 

A = H, A± = fl± . 

In spite of the existence of all these identities, the construction of a 
SUSYQM system for arbitrary elliptic operators is a difficult and sometimes 
an impossible task. An obvious problem is related to the fibre dimension of 
the corresponding vector bundles. For, the Fock space of SUSYQM systems 
cannot be made to take arbitrary dimensions whereas there are no restric- 
tions on the fibre dimension of V. A more important problem with a direct 
supersymmetric proof of the index theorem involves the second step in the 
above list. Namely, the path integral techniques presently known do not 
allow for a reasonable supersummetric derivation of the index of second or 
higher order elliptic operators. These difficulties have led the physicsts to 
restrict to the supersymmetric proofs of the twisted Dirac operator which 
implies a proof of the general index theorem via K-theory. 



B.5 Coherent State (Holomorphic) Repre- 
sentation of Quantum Mechanics, Su- 
pernumbers, and Berezin Integration 



In the coherent state representation [32, 21, BQ] of a quantum system, the 



Hilbert (Fock) space is generated from a ground state vector |0) by repeated 
action of the creation operators. Let us first consider a bosonic system with 
one degree of freedom. The creation operator is denoted by a' . It is related to 
the coordinate operator x and momentum operator p of the one-dimensional 
quantum mechanics via the familiar folmula: 

:=-j=(x-ip). (B.27) 

The operator a is called the annihilation operator 

a=^=(x + tp). (B.28) 
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Creation and annihilation operators satisfy a set of commutation relations 
given by 



(B.29) 



a, a' 


= 1 


[a, a 


= o 


a , 


= 



The collection of the following state vectors 

(ot) P |0> , T 



0,1,2,..- . 



(B.30) 



form a basis. Thus, any state vector can be wirtten as a linear combi- 
nation of them, i.e., 



|* + > = E c r(a t ) P l«> 



(B.31) 



r=0 



where c r are complex coefficients. In fact, we can view ( |B.31| ) as the Taylor 
series expnasion of a function F = F(a^). Alternatively, we define a holo- 
morphic (analytic) function of a single complex variable z* that is associated 
with the state vector namely 



Clearly, the correspondence is one-to-one. The choice of parameter z* rather 
than z has conventional reasons. 

The same approach can be directly generalized to arbitrary n-dimensional 
quantum systems. In that case, one introduces the creation operators a 1 * 
and the annihilation operators d % associated with pairs of coordinate and 
momentum operators. They satisfy 



it 



a , a 



a\ a 3 



d l \d^ 





. 



(B.32) 



where i, j 



■ n. 
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Again the Hilbert (Fock) space is spanned by monomials in a 1 ', i.e., every 
state vector \^f+) can be expressed as 

oo 

!*+>= E c n ... rn (a^™...(a 1 t)n| 0) . 

ri,---,r n =0 

Thus, every state vector corresponds to a holomorphic function F of n com- 
plex variable z 1 



\^ + )=F(z u ,...,z n *):= E c rv .. rn (z n *Y n ---(^) ri ■ (B.33) 

ri,---,r„=0 

The validity of this identification relies heavily on the fact that the creation 
operators commute among themselves, ( ]B.32|) . Otherwise, one could not 
have replaced the operators by numbers. In fact, for the fermionic systems 
the creation opertaors do not commute among themselves, so one cannot 
use the holomorphic representation based on complex numbers. Instead, one 
uses the anticommutativity of the fermionic creation operators and replaces 
the role of complex variables z* in the above construction by anticommuting 
Grassman numbers. These are the "odd" elements of a Grassman algebra 
with an infinite number of generators. They are also called supernumbers, 



The coherent states are indeed the eigenstates of the annihilation opera- 
tors. Let us consider the state vectors 

\z) := e-s^+A*** |0) , (B.34) 



1 2} 



where the sum over repeated indices is understood. Then, it is a matter of 
simple algebra to show that 

a i \z) = z i \z), Vi = l,---,n. (B.35) 

In view of ( P.33| ) and (B.35| ), one has 

(z*|*+) = F{z u ,---,z n *) , (B.36) 



up to a common factor of (£*|0). Equation (B.36| ) is called the coherent state 



or holomorphic representation of the state vector \^+)- 
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Let us examine the expression for the inner product of two state vectors 
and |\l/+2)- Let us introduce the basic states 

(z*\i,r) := 

(z i Y 

(i,r\z) := (z*\i,ry = — 



r! 

where i — 1, • • • , n and r = 0, 1, 2, ■ • •. Then one can formally write 

/n 
(^ +1 \z)(z\z'*)(z'*\^ +2 )l[dz i dz i *dz i dz i * . (B.37) 
i=i 

Note that the quantities (z\, \z'*), and (z\z*) have not been defined yet. In 
fact, we need to define the latter to have a coherent state representation of 
the inner product. This quantity behaves like a "measure" for the integral 
depicted in ( |B.37|) . It is naturally chosen by requiring that the basic state 
vectors are orthonormal, namely 

(i,r\j, s) = dijdrs . 

This suggests immediately 



g — z k *z k 



(z\z*):=-, —5(z-z'). (B.38) 

Finally, one finds 

(*+i|*+2>:= /^ + ik)^l* +2 )e-^ fc n4^-- (B.39) 

Here the multiple integral is over whole € n = JR 2n . It is performed by 
changing to real variables. 

The situation is quite similar for fermionic systems. The only difference is 
in the use of complex anticommuting supernumbers ( % * in the place of the or- 
dinary complex numbers z % * . The creation operators a % * and the annihilation 
operators a 1 satisfy the following anticommutation relations 

[a\a j ] = (B.40) 

{atf&jt} = 0. 
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The state vectors \^~) are written as 

1 

1^-) ~~ 1ri,---,r„ 



(Q. 



mf\r„ 



a 



x |0> 



ri—Tm 



arc 



where m is the number of degrees of freedom, = 0,1, and 7, 
complex coefficients. Follwing the same line of reasoning as for the bosonic 
case, one represents \^~) by a polynomial in the odd supernumbers 



|¥_) = E 7r 1 ...r ro (C m T m ---(C 1 T 1 - (B.41) 
=0 



n,— ,r n 



and their complex conjugate anticommute among themselves and com- 
mute with the ordinarly numbers and other even supernumbers, |?T], pT] . In 
particular, 



{c,c j *} 
{c,c4 





. 



Thus, (O*) 2 = (0) 2 = 0. It turns out that most of the mathematical con- 
structions which are based on ordinary real or complex numbers can be gen- 



eralized to supernumbers. A large number of these are described in [21 



The holomorphic representation for fermionic systems is further clarified 
by introducing the state vector 



10 := 

Again, one can easily show that 



e 2 



10) 



& l \0 = C\0- 

Then, the right hand side of (|B.41| ) is conveniently denoted by where 

(C*IHC> f - 

Next, one needs to devise an expression for the inner product of the 
state vectors in the coherent state representation. This requires the notion 
of integration over the odd supernumbers, [21]. The latter was originally 
discovered by Berezin [51]. I shall follow the natural correspondence with 
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the bosonic case. The inner product of two state vectors and ^-2) is 

formally given by: 

„ m 

(*-i|¥-2> = / (*-iiC)(CiC'*)(C'*i*-2) UdC'^dCdCdC • (B.42) 

1=1 

Once more, one needs to define (CIC *)- The natural choice is i 



<CIC'*>:=§^(C-C0- (B.43) 

This choice leads to 

(*-i|*-2> := / (*-i|C)<C1*-2>e-^ ft ■ (B.44) 

Here the integrals over £ and £*'s are Berezin integrals which is simply defined 
by requiring the basic state vectors to be orthonormal. For simplicity, let us 
concentrate on the case, m — 1. Then there are obviously two basic state 
vectors; 

10), |l):=« f |0). 
In the coherent state representation, they are expressed by: 

(C|0) = i, (C*|i) = C*- 

Then, the orthonormality condition 

(010) = (i|i> = 1 

(0|1) = <1|0> = 0. 
together with ( |B.44j ) lead to the following rules: 

(d( = ( C*d(* = V2m (B.45) 



(d( = J (*d(* = 0. (B.46) 



6 Hcrc I assume that the delta function for odd supernumbers £ satisfies the familiar 
property: 

r f(CC)S((-C)dCd('* = f(<;,0 ■ 
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This confirms DeWitt's convention of the choice of the factor 




In Berezin's original work this factor was chosen to be 1, [51 



2vri in ( |B~45| ), 
The latter 



corresponds to the following alternative choice for (|B.43|): 



(CIC'*> 



S(C - 



which has less resemblance to its bosonic counterpart, i.e., ( |B.38| ). The 
Berezin integration satisfies many familiar properties such as linearity. For 
further details, 



sec 



211 and the references therein. 
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Appendix C 

Derivation of the Scalar 
Curvature Factor in the 
Operator Formalism 



Abstract 

The supersymmetry algebra is used to obtain the quantum mechani- 
cal Hamiltonian operator of the system studied in Chapters [2| and |3| 
It is shown that this Hamiltonian includes a factor of \R- This 
factor originates from the supercommutation relation involving the 
fermionic variables. 



The computation of the Hamiltonian H involves some simple but rather 
tedious algebra. One starts from the formula for the supersymmetric charge 
( gg§ : 

Q = jzVghug- 1 * , (C.i) 



and the superalgebra condition (|1.14|) : 

H = Q 2 . 
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The latter can be written in the form 
H = %{Q,Q] 



(C.2) 



+^ [p M , VI Pv + {V, V} PvPu) 9 



where in the second and third equalities use has been made of the supercom- 
mutation relations ( |2.22|) and the following identities 



{AB,C} = A [B, C) + {A, C} B 
[AB,C] = A [B, C] + [A, C] B 
[AB,C] = A{B,C}-{A,C}B . 



(C.3) 
(C.4) 
(C.5) 



Implementing (|2.22|) in ( |C.2|) , one obtains 



H 



Next step is to recognize the following identities 



Vffff = -\R 



2W ( 



g ip^g^Pu -ihg 4 g TfM Kt,Pv 

ihg ve T 



(C.6) 



(C.7) 

(C.8) 
(C.9) 



Substituting ( |C7| ), ( |C8| ) and ( |C9| ) in ( |C.6| ) and simplifying the result, one 
arrives at 



H 



\g ^p^g^Pvg 4 



-R + K 



In the rest of this appendix, I shall present the derivation of the equations 
( |U.7| ) and ( |(J.8| ). The derivation of flU.9| ) is straightforward. 
Consider the following set of identities: 



+R liaTI/ rrr) 



i\} v ^) a ^ T - hg Ta p v + hg TU i) a 



(CIO) 
(C.ll) 
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and similarly 

= ijj v ^^ T - hg ua ip T + kg TU ip a . (C.12) 
In ( |U. 11| ) and flU.12[ ), use has been made of fl2.22| ), namely 

Substituting (|C.11| ) and (|C.12|) in the right and side of (|C.10|) , one has 

R^rrrr = \r{\R^ T + R^ + R^wrr (c.13) 

+ ftiW \-9 Ta V + 9 TV r\ + hR, aTV [-g va V + g TU r]) ■ 

The first bracket on the right hand side of ( |C.13| ) vanishes due to the cyclic 
identity of the Riemann curvature tensor, |38, p. 57]. The remaining term 
are further simplified to yeild 



-hR^V^ 



h -R 
2 

h 2 



ft]' 



= ~y r ^9 

2 ' 

R^ v and R are the Ricci curvature tensor and 
scalar, respectively. This completes the derivation of (|C.7|) . 
Dervation of flC.8|) uses the following set of identities 

g'h^g^Pv = g~~ A (gh^p^ + 
= g^g^PvPv + g~ 

= Q^P&v - fog* <T - g^gf*) g T ^ Vv 
where use has been made of ( |2.22|) and 



where I have used (12.221 



fiu 



p^g 2 g 



Pv 



Pv 



(C.14) 



(g 2 ),„ 

tin* 

Moreover, one has 

grcr,IJ, ^Vcr/i r<rr/j • (C.15) 

Substituting ( |C.15|) in ( |C.14j ), contracting the Christoffel symbols with the 
metric tensors and simplifying the result, one obtains equation ( |C.8| ). 



W 2 g gar,n 



104 



Appendix D 



Coherent State Path Integral 
and Calculation of Sq 



Abstract 

The end point contributions to the coherent state path integral is 
discussed. A method is introduced that includes these contributions 
automatically in the action functional. This is done by consider- 
ing paths with step function discontinuities at the end points. The 
method developed here allows for a direct application of the ordi- 
nary path integral formula in the coherent state represenation. This 
method is used to compute the factor So in the WKB expression for 
the path integral analyzed in Chapter ^. 



In the coherent state path integral formula for the kernel, one must also 



include the end point contributions to the action, [52], |53p. This can be done 
implicitly by including step functions at the end points of the paths. An 



example of this is provided in [ 21 1 



fact, the action function can be shown to include the end point contributions 
automatically. This was pointed out to the author by Cecile DeWitt-Morette. 
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Consider a fermionic quantum system and let C and ( l be the creation 
and annihilation operators: 

{C f ,C} = s* 

{C,C} = {C j ,( jj } = o. 



The coherent states are defined by: 

10 := - 



(CI := IC) t , 



0) 



where |0) is the vacuum and (gcJ Then one has: 

C |C) = CIO and (CI C f = C*(CI • 
In the path integral formula for the kernel: 

K(c",f | C,t') := (C*V I C;t') = J e^(sdetG + )-^vcvc , (D.l) 

one must note that £*" 7^ (C)*- 111 fact a priori only 

C(0 = C and C(0 = C" (D.2) 
are fixed. The boundary conditions on 

((0=0 and C(0 = C 
depend on the specifics of the problem. In ( D.l ), the action is given by: 

K",t" 



S 



dt 



C',t' 



-.(CC-CV)-h(CCt) 



(D.3) 



where h((*,^,t) is the normal symbol of the Hamiltonian, [p^| . The paths 
are given by: 



C(t) = \i me _ [e(t-t'-e)C(t) + e(t'-t + e)e' 

at) = lim e ^ [9(t"-t-e)C c (t)+9(t-if f + e)C"} 



(DA) 



2 See Appendix [b] for further detail. 
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In ( p.4| ), (*(t) and ( c (t) are paths connected to the end points, i.e. : 

Q(t")=C" and Ut') = C (D.5) 

In general, 

Q(t')^C' and (c(t")^(". 
To compute So, which appears in ( |2.104| ), one needs to specialize to the 
classical paths. In the limit (3 — > 0, these are given by (|2.107|) and (|2.108| ). 
Equations (|2.108|) are easily solved to give: 



Vo c (s) 



n 



e 

b*" 



ab 



V 



ba 



r ic (s) = igTF${x )^E a \s) + C 



5 rriab i 



(D.6) 

(D.7) 
(D.8) 



where 



E ab ( 



dsfj£(s)fj b c (s). 



In particular, one has: 



ab 



T) b S + C 



(D.9) 



In ( p.8|) and ( p.9|) C e and C are constants to be determined by the boundary 
conditions on ^'s. 

In view of equations ( |2.107| ) and (|2.8| ), one has 



S 



ds 



igoe^'Ms) + h Vo(s) - Vo (s) Vo(s)) + 

+f ab fj?(s)fj b (s)]+0((3). (D.10) 
Defining 

e ■■= y/ik 1 , 

and using ( |2.26| ) and ( |2.28| ) , one may express the first term on the right hand 
side of ( P-10|) in the form: 



r 1 r . ~ ~7 
/ ds fc^V'oV'iO) 

J 



dt 



dt 



ds 



Igo e7 m)ip2(t)}+O(l3) (D.ll) 
#00 £<>(*) -£o 00 300 ) +0(/3). 
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In view of ( |D.11| ), it is clear that ( P-lOp is already in the form demanded by 
(p.3|) . Next step is to evaluate ( p,10|) . Let us define: 



h 
h 

so that 



ds 



ds 



ds 



~ ~7 
!fltey#i(s) 



(D.12) 

•J,* _ \ " 
i [Co (s) Us) 'to (s)Co(s)) 

'vT(s)%(s)-^\s)^(s))+^ b vr(s)v b (s^ (p.13) 



S = h + h ■ 



(D.14) 



Replacing £'s by £o's and setting t' = and t" = 1 in ( p.4| ), it is a matter of 
simple algebra to show that: 



h 

he 

d 



hc + d 



ds 



if (gc(i) - Co) + (c(o) - c') g 



Imposing periodic boundary conditions, ( [2.74j ),( p".106| ): 



Co — Co — : Co 

t*' t*" 

so ~~ so ~~ • so 



rj' = n" 
rf = rj* 



T]* 



(D.15) 



and using (|D . 9| ) and ( p.ll|) , one has: 



he 
d 



ds 



„ ^7 



ab 



c(cl(i)-a) + (c(o)-c)cl 



Next one needs to use equations ( p .26[ ) , ( pT28|) , and ( p.8| ) to compute £q c (1) 
and £o*(0)- ^ n ( P-8|) , the boundary conditions must be chosen appropriately 
The correct choice is the following: 



choose: ip(0) = ipo 
choose: 4>(/3) = V>o 



^0 

V'o 



V'ci(O) = to compute: £oc(l) 
■0ci(l) = to compute: £ *(0) • 
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This leads to : 
and hence 



d = r] a 



ab 



(D.16) 

The computation of I2 is straightforward. One replaces £'s by ?7o's in 
( p.4f) , and sets t' = and t" = 1. The final result is obtained using 
CTJT7D, and (pl% 



3 i(J+al nX n) 



(D.17) 



Combinning ( p.!4| ),( p.l6| ), and ( p,17| ), one has: 



S = -i v a * e 



a* [ i(f+ol„ x „) 



u6 



This is used in Section [2.5| , ( |2.111 ). Taking JF = 77 = rj* = , the situation 
reduces to the case of k = 0. In this case, one has So = 0. 
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